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Chapter 1

Basics and Review

1.1 Matlab

We need to begin with the structure of Matlab.

PLOTS 3 EDITOR PUBLISH i Eple) @ Qsearch Documentation IS
& Section Break
T H gomare- ®1 € 8 oo m Seoner | B B
Q Find v - Run and Advance
New Open Save (& Print v GoTo Refactor 4| & [&Analyze Run Run  Step Stop
R ~ A Bookmark ~ Section {Zj Run to End ~

FILE NAVIGATE CODE ANALYZE SECTION RUN z
4 < (& & & 03/ » Users » alexh » Documents » Notre Dame » First Year » Econometrics | » Homework » Homework 1 - P
Current Folder [CMll ¥ Editor - untitled Workspace ®

B Name s Name & Value

Matlab.m | untitled

cps09mar.xlsx

B hmwk_1.docx

B HMWK_1.m

B Houtz_Metrics 1.pdf

Details

Command Window ®
-

Select a file to view details

e The “Editor” window (upper middle) is where we create the code file. Your saved work will come

from here.

e The “Command” window (bottom middle) contains output from your code. You can also directly

input code here that you don’t want saved.

e The “Current Folder” window (upper left) contains the files specified in the path I have declared
(see below in Matlab Set-up).
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e The “Workspace” window (right) contains saved variables, matrices, arrays, etc.

1.1.1 Matlab Set-up

There will be many Matlab assignments throughout the year. Establishing a simple, clean set-up to
your code will make all of our lives easier. Feel free to experiment and create your own, but here is an

example:

_J Matlab.m VLuntitIed ®| +

%% Introduction

% Alex Houtz
% Econometrics I
% Example

%% Settings

clear, close all
cd("/Users/alexh/Documents/Notre Dame/First Year/Econometrics I/Homework/Homework 1");

There are a couple “tricks” to note:

e The double percent signs, “%%”, create new sections. So in the example, I have the section

"Introduction" and the section “Settings”.

e The single percent sign, “%”, tells Matlab that the following line is a comment and not code.

e The “clear, close all” commands clear the workspace, ensuring I’'m not overwriting variables in

other files, and close all figures I have open.

e The “cd(...)” command specifies the path on which Matlab will look for data and function files.

%}

e The semi-colon, “;” suppresses output in the command window.
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1.1.2 Some Useful Commands

Examples
Defining Variables

10000;
sin(x);

Import Data (can also use 'readtable')

data = readmatrix("cps@9mar.xlsx");
ex = ones(size(data(:,1)));

% For loop
mu = [0 @];

sigma = [1 .9; .9 1];
rng(121);

for g = 1:10000
R = mvnrnd(mu, sigma, 100);
u(:,g) = R(:,1);
v(:,g) = R(:,2);

e Variables must be defined for values, function outputs, and data if you want to reference them

later in your code.

e Toimport data, declare your path then read the data into Matlab using “readmatrix” or “readtable.”

See documentation for more details on these commands.

e For loops will be useful in most Matlab assignments. In the example above, I'm creating two
error term vectors with a multivariate normal distribution. Essentially, Matlab is pulling two
random numbers from the distribution 10,000 times. NOTE: Try to avoid triple loops if possible.

These can take a long time to run.

1.1.3 Publishing

Your code needs to be able to run from the beginning to the end with no problems. One easy way to

check this, and also to turn in your code and output, is to publish your code.
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EDITOR PUBLISH

—

*— Bulleted List

E;‘] Preformatted Text

2 Hyperlink e A
E ¢~ Numbered List |==| Code
Inline LaTeX
=] Image z Display LaTeX
VIARKUP INSERT BLOCK MARKUP PUBLISH

e Usually we work in the Editor tab. To publish, click the Publish tab and then click on Publish.

e When the preview pops up, print to PDF. The end result should look similar to the picture

below.

e Make sure the necessary output is visible in the published PDF. Remember that by using a

semi-colon you suppress the output.

Contents
= Introduction
= Settings

= Examples
Introduction

% Alex Houtz
% Econometrics I
% Example

Settings

clear, close all
cd("/Users/alexh/Documents/Notre Dame/First Year/Econometrics I/Homework/Homework 1");

1.1.4 General Advice

e Coding is hard. Do not worry if you are struggling. Find a friend to code with and work through

these together (do make sure you understand what the code is doing).

e Try to reduce run times for your code. Most assignments should be able to run in less than a

minute.

e The internet is your best friend for Matlab (and code in general). Check out places like Matlab

Answers first.

e Make sure to save your work.
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1.2 Math-Stats Review

1.2.1 The Analogy Principle

Suppose we have a function S = h(f) where § = E[g(y;)]. We want to estimate 5. We do not know
Elg(y:)]. Therefore, we replace  with 6 = LN v So B = h(0).

Let’s go through an example using variance. Variance is given by :
o? = E[X?] - E[X]?
In practice, replace the expectations with the sample mean. Therefore:

2
. 12" 12”
- n i=1 %2 B (n x2>

i=1

We now have a viable estimate for variance.

1.2.2 Bias

The definition of bias is:

E[0] — 6 = bias

If bias = 0, we say that the estimator is unbiased. How does this apply to the analogy principle?
Ideally, we’d like to create unbiased estimators for the parameters we are looking for. Let’s look at the

estimator for the variance that we just found.

First, we should check our two plug-ins to see if they are unbiased.

So that part is unbiased. Let’s check the standard mean:
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1 & 1 ~
(e 3x[]
1 n
= ﬁ;E[ﬂfi]
1 n
= g;“

I
T 3|~

So this is also unbiased. Let’s check them together in the variance estimate:

=E %sz’ -E
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(-2

Unfortunately, our estimator is biased, where the bias is —%02. Consider the following estimator:

R .
:n—lz[xi_x]

i=1

5%,

You can prove that this is unbiased on your own. To correct our estimator, we simply add 2-:

A2 _ 2 5
Ounbiased = 9 + n
2 2 ‘§2
E [&unbiased] =E |:6— + :|
n
&2
— B3’ +E [S}
2 2
= g2 — g 4 g
n n
= 0'2

1.2.3 Deriving the OLS Estimator

Consider the k x 1 vector of population moment conditions
Elz;(y; — 2;8)] =0
where 8 is a k x 1 vector of unknown parameters, y; is a scalar and x; is a k X 1 vector.

(a) Solve for the method of moments population parameter 3.

(b) In the solution to (a), the population method of moments parameter 3, is only identified

if what condition holds?

¢) Suppose you observe an i.i.d. sample {y;, x;}"_, from some unknown "true" joint dis-
Pp y p Yi, i=1 J
tribution f(y;, ;). Using the analogy principle, propose estimators for the following

population moments:

(d) Consider again the i.i.d. sample {y;, x;}"_; from f(y;,2;). Given your solution to part
(a), use the analogy principle to propose a method of moments estimator [‘3” for the

population parameter 3.
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Part a

We first note the moment conditions:
Elz;(y;i — z;8)] = 0
Now, solve for B:

Elzi(yi — %;8)] =
Elz;y;] — E[z;z;]8 =0
Elz;x;] 'Elziy;] = B

Part b

For there to be one unique solution for 3, we need to be able to solve the equation. E[z;y;] shouldn’t

1

be a problem, but E[x;x,] ! may cause issues. If E[x;x}] is singular, then we will not be able to find

Bo- For a matrix to be invertible, it needs to be full rank. Therefore, we need E[x;}] to be full rank.

This requirement is known as the rank condition.

Part ¢

Simply apply the analogy principle:

Part d

Simply plug in our estimators from (c):
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Classical Linear Regression

2.1 Building the Model

We start with the basic structure of the linear regression model:
y=aB+e —or— yi =B +ei

On the left, y is an n x 1 vector, x is an n X k matrix, 8 is a k X 1 vector, and ¢ is an n X 1 vector. On
the right, y; and &; are scalars, x; is a k x 1 vector (so z} is a 1 x k vector) and S is a k x 1 vector.
For our coefficient estimators to be the best, unbiased linear estimators (BLUE), we need five

assumptions:
Assumption 1 (Linearity of the Model). All coefficients in the model must be linear.

This assumption is straightforward. [ must be linear. It cannot be in an exponent, logged, etc.

Notice that this assumption does not restrict transformations of our variables. For example:
In(y) =In(z)B +¢
This equation is fine. But:
y=uzln(B)+e
is not fine.
Assumption 2 (Rank Condition). The right hand side variables, x, must have full column rank:
rank(x) =k
If  does not have full column rank, then later on we will not be able to invert =’z to identify S.

Assumption 3 (Exogeneity of x). The right-hand side variables, z, are exogenously related to the

13
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error term, €:
Eleilz) =0

This assumption of strict exogeneity is strong, but necessary for the coefficient estimators to be
unbiased. Later, when we cover asymptotics, we will need a weaker assumption called “orthogonality,”

or E[z’e] = 0. Strict exogeneity gives us orthogonality automatically:

E[z'e] = E, [zE[e|z]] (Using LIE)
=0
In addition, strict exogeneity tells us that the errors have mean zero:
Elei] = Eq [Eles|a]]
=0
Therefore, the covariance between ¢; and x is zero:
Cov(e;, z) = E[xe;] — Elg;|E[x]

=0 - E; [Ele;|]] E[z]
=0

So then the conditional expectation of the model is:

Ely|z] = E[zS|z] + Ele|x]

= 1}/8
Assumption 4 (Spherical Errors). The error terms are homoskedastic and are not cross-correlated:
Var(ei|z) = o?

Cov(e;,ej) =0 Vi#j (No Cross-Correlation)

(Homoskedasticity)

This assumption implies that Var(e|z) = 02I. We need to assume this for the coefficient estimators

to be considered “best.”

Assumption 5 (Exogenous Data Generating Process). The right hand side variables, x, are eroge-

nously generated.
We treat = as a randomly created variable.

Assumption 6 (Normally Distributed Errors). The error term, €, is normally distributed after con-

ditioning on the right hand variables, x:

glz ~ N(0,0%1)
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This assumption is made for convenience and is not necessary for the coefficient estimator to be
BLUE.

2.2 OLS Estimator

In class, you derived the OLS estimator by minimizing the sum of squared residuals. Last week in
recitation, we derived the same estimator by starting with a moment condition. Today, let’s use
algebra.

Starting with the regression model:

y=aB+e
'y =a'zB +2'e
E[z'y] = E[z'z8] + E[2'¢]

E[z'y] = E[z'z]8 + E[2'¢] (Use exogeneity)
Elz'y] = E[z'z]8 + 0 (Use rank condition)
E[2'z] 'E[z'y] = B (Use analogy principle)

2.2.1 Linear Projection

Define the linear projection as:
p(x) =’y
The best linear projection minimizes the mean squared error:

mse (p(x)) = E[¢’]

IE[ y—1x'y) }
E[ y—Elyk)) + (Elyle] - '7))’]
E [(y

Ely|))?] + 2E [(y — Ely|2])(Elylz] — 2'7)] + E [(Ely|z] — 2"7)?]

Let’s look at just the middle term first:

2E [(y — Elyl2]) (Ely|z] — 2')] = 2E [yE[y|] — ya'y — E[y|z]* + E[y|a]a’~]
(E[y)E[y|lz] — Elya']y — Ely|2]* + E[ya’|2]y)
(E; [Ely|z]?] — E. [E[y|z]2] ¥ — E; [Ely|z]?] + E, [E[y|z]2’] v)
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Back to the mean-squared error:

mse (p(z)) = E [(y — Elylz])?] + E [(Elyla] - 2'7)?]
We want to minimize, so take the derivative with respect to ~:

Omse (p(z))

N 2E [2(E[y|] — 2'7)] = 0

2F [zE[y|z]] — 2E[zz']y = 0

E[za'| " Elzy] = v

Now we know that, if the true process isn’t in the space generated by the right-hand side variables,

the best linear predictor is still the OLS estimator.

Projection of y

Suppose we want the best linear prediction of the dependent variable y. Then we would use our

right-hand side variables and the estimated (:

<
|
8

=@

If we rearrange this equation:

§=x(x'z) 2’y

where P = x(2’x)"12’. We call P the projection matrix.

Projection Matrix

Let 2 be an n x k matrix that is full rank. Then the projection matrix P is an n X n that results from:

P =x(z'z) 2’

The projection matrix can be shown to have the following properties:

(i) Px ==
(i) P =P’
(iii) PP=P

(iv) tr(P) =k and rank(P) =k

We can use the projection matrix to find estimated ¢ values in our regressions.
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Annihilator Matrix

Let z be an n x k matrix that is full rank. Then the annihilator matrix M is an n x n that results

from:

M=I-P

=1 —x(z'z) o’

The annihilator matrix can be shown to have the following properties:

(i) Mz =0
(i) MP=0
(iii) M = M’
(iv) MM =M

(v) tr(M)=n—k and rank(M) =n —k

We can use the annihilator matrix to remove parts of the regression that we are not interested in

estimating.
2.2.2 Partitioned Regression
Let  be composed of x; and x2. Then we can write the regression model as:

y=xB+¢
=215 +x2B2 + €

Rearranging the original equation above:

2’y =2'zB+2'e

Elz'y] = E[2'z]| S
Applying the analogy principle and stacking vectors, let’s put this in matrix form:
| R P
ahry  ahao| |fBa B xhy
Take the first equation (the top line). Let’s solve for fi:

(37/1951)61 + ($/1902)B2 =1y

P = (ahz) "y — (ahw) " (2 22) B (%)
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Now take equation two:

(wh71) 61 + (whas)Ba = why (Plug in f1:)
(aha) ((@har) " ahy = (@her) " ahwafa) + (ahwa) Bz = why
(whzr)(2hwr) " ayy — (aha) (@yar) " @i wafs + (whaz)Ba = ahy
(2h2)Ba — (whwr) () @1) " ahwafy = ahy — (vhrr) (@) oy
ahy (I =y (zhwr) ")) wafo = b (I — 21 (zh21) ')y
(I = P)aafly = a5(I = Py
Ty Mizafs = ah My

Ba = (zhMyzo) ™ (x5 Miy)

Theorem 1 (Frisch-Waugh-Lovell). Let the regression model be as follows:

y=z1p1+x2Pete
Then the estimate for Ba will be the same as the estimate from the following model:

My = Myz2fs + Myiu

This is the estimator we derived above. What is the variance of the FWL estimator?

Var(Bs|z) = Var ((zhMizs) "' (24 Myy)|z)
= Var (24 Miz2) ' (24 M122) B + (zh Myz2) " (2 M) |z)
= Var (24 Miz2) " (x4 Mie)|z)

=E |:((.’L‘2M1.’L'2)_ (zh M) ((w’QMlscg)_l(m’lea))/‘ x]

= (zhMyzo)  ao My Elee’|2] My zo (xh Myzy) ™

= (zyMyzo)  ao Myo* I My 2o (2 Mya) ™"

= o2 (zyMyxo) " ao My Myxo(zhy Myas) ™

= 0% (xhMyxo)  tao Mixo(ahyMyzy) ™t

= o%(xhMyxo) ™!

What would happen if we just ran a regression of y on z1, ignoring x57 Would this estimator be biased
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or unbiased? We start by going back to equation (x):
B = (ahwr) ey — (2hen) " (@ a2) B
B =P — ($11$1)71($/19€2)32
B = B + (2yx1) " () 2) Bo
E[f1|a] = E[B1]a] + (z)a1) " (2)22)E[Bs|7]
E[B1]2] = Br + (2} 21) " () 22) B2

So E[B1] # f1 unless Ba = 0 or (zhx1) (2} 22) = 0.

19
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Chapter 3

Bias and Consistency

3.1 Practice Problem 1: Hansen 2.16

Let X and Y have the joint density f(z,y) = 3(2> +y*) on0<z<land0<y<1.

a) Compute the coefficients of the best linear predictor of Y = o + X + ¢.

b) Compute the conditional expectation m(z) = E[Y|X = z]. Is the BLP different from the

conditional expectation?

3.1.1 Solution
Part a

As in class, the BLP is defined as:
Plyla) = 25"
So we need to calculate 8*. Return to your notes to find that:
B* = E[zx']  E[zy]

where = [1 z]’. Let’s multiply out the two parts of 5*. First, E[xz’]:

| 1 E[z]
B, ! CEH_ Elz] ]E[g:?]]
Then E[xy]:
Ell lEM
x E[zy]
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To calculate these two parts, let’s first break the joint distribution into the two marginal distributions:
oo
flz) = / fa,y)dy
— 00
'3

:/ §(x2+y2)dy
0

)= [ T )

— 00

'3
/ §(x2+y2)d:r
0

_ 31 5 3 2 '
—23x+2ya:]0

_32+1
Y Ty

Now we can calculate the components of the estimator that we need:
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E[zy

1
4 2

= 2 d
/02:z:+xx
31 11 "
2,5 -3
=25 +23$L
B 3+1

10 ' 6
T
15

]=/Oo /Oo zyf(z,y)dzdy

(x3y + xy®)dxdy

/ y(x? + y*)dady
s

1
[433y+ a:y] dy
1

/§
2 0
1
L3
- —y°d
4y+2y Y
1

1

2, 1 4
y+8y]0

—

co| —

—

X

0w W N W N w
| =

We now have all the moments that we need. Let’s plug them into the 5* equation:

Therefore, the BLP is:

-1
5 5
5 7 3
8 15 8
7 5 5
1 [15 81 lgl
7 5Y2 | _53 3
15 (§) 8 1 8
11
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Part b

To find the conditional expectation, we need to find the conditional distribution:

flylz) =

Now let’s take the conditional expectation:

Elyle] = | " Y le)dy

— 00
_/1 3x2+3y2d
B 0y3x2+1 Y

1 1
= 322y + 3y3d
3x2+1/0 7y + 3y dy

1 3,43,
T 32241 {2“’ Y
3z 3
= +
622 +2 ' 1222 +4

1

0

_ 622+ 3
T 1222+ 4

This is not the same as the BLP.

3.2 Asymptotic Theorems

There are three main consistency theorems you will need to know well.

3.2.1 Weak Law of Large Numbers

Let {z;} be a sequence of i.i.d. random variables with E[z;] = p and Var(z;) = 0% < co. Then:

To prove this theorem, simply use the weak law of large numbers and the properties of independent
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variables.

3.2.2 Continuous Mapping Theorem

Let z,, be a sequence of real-valued random vectors and let h : R¥ — R™. Define the set of discontin-

uous points as:

Dy, = {x € X : h(-) is discontinuous at x}
Now, if P(x € Dp) =0 and:
(i) if z, L, 2, then h(xy) il h(zx)

(ii) if LN x, then h(x,) LN h(x)

(iii) if z,, £ 2, then h(z,) <5 h(z)

3.2.3 Slutsky’s Theorem

If =, 4z and Yn N Yy, then:
(@) @0+ o0 STty
(it) Znyn 2>y
d .
(iii) Zf—)%lfy;é()

Slustsky’s theorem is a special case of the continuous mapping theorem. Keep in mind that it still holds
if x,, converges in probability instead. In that scenario, parts (i), (ii), and (iii) converge in probability

instead of in distribution.

3.3 Practice Problem 2: Hansen 4.23 and 7.2

Define the ridge regression estimator as:

B= (i(XiXD + m) <Z Xm)

i=1

where A > 0 is a constant.
a) Find E[8|X]. Is 3 a biased estimator for 3?

b) Find the probability limit of B as n — oo. Is /3 consistent for 5?
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3.3.1 Solution
Part a

Take the conditional expectation of the ridge estimator:

E[B|X] =E (i()@-x;)w)_ (ny> X

(S

=1

n

1) 4+ Ay, (ZX X’ﬂz+€z)> X
71 n
Z +/\Ik> E (ZX@)
=1 =1

n -1 n
D (XiX]) + Mk.> > XE [5] X
=1

=1

!

=1

= (Z(XiX{) + Mk.> (i XZX{> B+
= (i(XlX{) + >\Ik> (i XiX{) B

i=1

S

)
(o) (S (S
[

This is not 3, so the ridge regression estimator is biased.

Part b

Start from the estimator (I have simply multiplied and divided by n):

n -1 n
B = (i SO(XX) + 2@) (i 3 Xm>
=1

i=1
Take each piece individually first. We know that by the Weak Law of Large Numbers:

1 n

— Z T £, Elz;x}]

n

=1

1
A —0
n

1 & P

=1

In addition, from Slutsky’s theorem:
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and by the continuous mapping theorem:

n —1
(1 SO X + Au) 2, B[X, X))
n

n -
=1

So by using Slutsky’s theorem again:

-1
1 & A 1 & P _

st X; XN+ =27 =N XY, E[X; X, 'E[X,Y;
(23ooncy+ 2] (235 2wt aton

i=1

Ny

oy

So the ridge regression estimator is consistent.

27
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Chapter 4

Applying OLS Fundamentals

4.1 Practice Problem: Hansen 7.7

Of the variables (Y*,Y, X), only (Y, X) are observed. In this case, we say that Y* is a latent variable.
Suppose

Y*=X'B+e¢
E[Xe] =0
Y=Y"+u

u 1s a measurement error and satisfies:

Denote the OLS coefficient from the regression of Y on X as B.
(a) Is B the coefficient from the linear projection of ¥ on X?
(b) Is /3 consistent for 8 as n — oo?

(c¢) Find the asymptotic distribution of v/n (B - B) as m — oo.

4.1.1 Part a

Starting with 5:

B = Elzia7) ' Elziy;]
= Elzz}) ' Elz; (y; — wi)]
= Elz;2)) ' Elzyi] — Elrrl]  Elru,)
= Efzz}] ' Elziyi]



30 CHAPTER 4. APPLYING OLS FUNDAMENTALS

So the true S is the same as the linear projection.

4.1.2 Part b

Use the analogy principle and then go from there:

Il
/N
S|
]
8
@&\
~_
L

1 — -
1 Tt - !
(i) + (3 %m)

1 i=1 i=1
Ly B+ Blwiz!] 'Elwies] + E[zia!]  Elziu]
=p
So B N B.
4.1.3 Part c

Starting from (x), subtract 8 from both sides:
1< T 1
i) ()
1 & A 1
n -1 n

First, we must show that the mean of our v/n term is zero:

i=1

= 3" (Blwiei] + Elrau)

=1

=0
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‘We know that the multivariate central limit theorem will therefore hold. Now we must find the variance:

1 &« 1 -
Var <\/ﬁ ; xi(e; + ul)> EVar (Z(Cﬂﬂi + x1u1)>

1)

— Var <i(z1€z + zu,)
Z x;Var (e; + u;| x) x;] (2)

n

Z(fﬂifi + Tiu;)

i=1

+ Var (E

1
=—-FE
n

i=1
i=1

Before we go forward, we must additionally assume that u; and ¢; are independent from each other so

that the conditional covariance term is zero.

Continuing on from equation (2), we now make the standard assumption that all of our variables

are 7.7.d. and the errors are homoskedastic:

1 n
SE [Z ziVar (e + | z) ﬂ?é] = Elz;(0? + 07)]]

n :
i=1
And now we go back to equation (1):

Vi (8= 8) 5 Eleiaf] 7'V (0.Ela,(0? + 0%)a))
=N (O, (02 + UZ)E[xix;]fl)

4.2 Delta Method

If /n(x, —x) SN ¢ and h(u) is a continuously differentiable function, then:
Vi(h(an) = hx) < H'¢
where H = %h(u)T. In particular, if £ ~ N(0,V), then:

Vi(h(z,) — h(z)) —2 N(0, H'V H)

4.3 Practice Problem: Intro Hansen 8.8

Assume that:

vn (él - 91) 4 N0, %)

0y — 0y

Use the Delta Method to find the asymptotic distribution of the following statistics:
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4.3.1 Part a

Using Slutsky’s Theorem, we know that éléz £, 01605 since él £, 01 and ég L, 05 from the set-up
of the problem. So we only need to find the asymptotic variance. Using the Delta Method, we start

with H:

We are given that V = X, so the asymptotic distribution is:

T

022

V(0105 — 0165) 4N 0, le

0
01

1

4.3.2 Part b
We know that ef1t02 2y ¢01+02 by the Continuous Mapping Theorem since 6; + 6 Ly9, 10, by

Slutsky’s Theorem and the exponential transformation is continuous. We now find H:

_ 9 01+062
H = %e

691 +62
- ef1+02

Putting this altogether:
PO 01+02 01402
01+6,) _d € €
\/ﬁ (e ) — N |0 [691+92] z [691+92‘|

4.3.3 Part c

), P P . . .
We know that Z—; — % by the CMT, as division is continuous as long as the denominator is not zero
2

(which we are given), since by the CMT 63 L, 3. We now find H:
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Altogether, we now have:

4.3.4 Part d

We know that 63 + 6,02 -2+ 63 + 0,62 by the CMT since 63 — 63 by the CMT, 2 -2+ 62 by the
CMT, and élég i> 0103 by Slutsky’s theorem. We now find H:

H 03 + 6,63)

307 + 03
260,04

Now pulling this all together:

T
307 + 63

260165

307 + 63

vn (é% + élég — (9? + 919%)) i> N |0,
260105

4.4 Practice Problem: Hansen 3.13

Let Dy and D5 be vectors of ones and zeroes, with the i** element of D; equaling one if that observation

is male and zero if that observation is female (D3 being the opposite). Then:

(a) In the OLS regression
Y =D+ Do+ 1

show that 4; is the sample mean of the dependent variable among men in the sample

and that 4» is the sample mean among women.
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(b) Let X, xx be an additional matrix of regressors. Describe in words the transformations

Y*=Y — D1Y1 — D2Ys
X* = X — D1 X| — Dy X},

Where X; and X» are the k x 1 means of the regressors for men and women, respectively.

(¢) Compare 3 from the OLS regression
Y =X*B+é
with the 3 from the OLS regression

Y = D1é1 + DGy + XB + é

4.4.1 Part a

We first take the general formula for the OLS estimator:

f= (XXX

Looking at the OLS equation we are estimating, we see that

X = [Dl DQ}
Calculating X’ X then:
vy _ | DDy DiD:
DL,D, DD,
N nq 0
0 N9

Now we need to find the second part of the OLS estimator:
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DY
DY

_ [Z?_l yil(di; = 1)1

XY =

S yil(das =1)

Combining the two pieces together, we get:

Bors =

7;2Lﬂﬂwu—n]

e Yy yil(da = 1)
-

_YQ

4.4.2 Partb

The first transformation demeans y so that y* has a sample mean of zero. The second transformation
demeans X so that X* has a sample mean of zero. When running regressions with these variables, the

B coefficients are now deviations from the mean of the data.

4.4.3 Part c

Let’s start from the second OLS regression. We can rewrite this equation as

Y = X181 + Xofa + &

X, = {Dl DQ]
N3
Gio
Xy = X
By =P

Now, we don’t care about X7, so we can use the elimination matrix to simplify the problem. Define
My =1 — X} (X|X1) ' X;. We can now write /3, as:

By = ((]\41)()7\41)()_1 (M1 X)' MY

Okay, let’s look at this equation piece-by-piece. First, we look at M;Y":
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MY = (I-X{(X{X1)'X1)Y
=Y - X|(X] X)X,V

1%
=y -x| |}

Y,
=Y — DY) — DyY,
:Y*

Now we can look at M7 X:

MiX = (I-X{(X{X1)"'X1) X
=X - X|(X]X) ' X, X

=X-X| n% 0| [Xinzil(di;=1)
0 n% Yoy wil(dy; = 1)

f/

2

=X — D17} — Do,
= X*

Now we have all the pieces we need to find Bg:
By = (MyX)' My X) ™" (My X)' MY
* %\ —1 * *
= (X)) X)) (X7)Y7)

Turning to the first OLS regression, we apply our normal formula for the OLS estimator:

B = (X)X ((X*)Y*)

which is the same estimator we derived from the second OLS regression. Therefore, the two regressions

deliver the same results for the target 3’s.
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More Regression

5.1 Practice Problem: Hansen 3.13

Let D; and D5 be vectors of ones and zeroes, with the it element of Dy equaling one if that observation

is male and zero if that observation is female (D5 being the opposite). Then:
(a) In the OLS regression
Y =Di+ Doz + o

show that 4, is the sample mean of the dependent variable among men in the sample

and that 4, is the sample mean among women.

(b) Let X, xx be an additional matrix of regressors. Describe in words the transformations

Y*=Y — D1Y1 — D2Ys
X* = X — D1 X| — Dy X},

Where X; and X» are the & x 1 means of the regressors for men and women, respectively.

(c) Compare B from the OLS regression
Y =X*B+¢é
with the B from the OLS regression
Y = D1a1 + Dacs + X+ €

5.1.1 Part a

We first take the general formula for the OLS estimator:

37
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B=XX)T(X'Y)

Looking at the OLS equation we are estimating, we see that

X == [Dl D2:|
Calculating X’X then:
XX = DiD, DD,
D,D; D,D,

We can then invert this by using properties of a diagonal block matrix:

o=

n2

Now we need to find the second part of the OLS estimator:

DY
DLy
_ Z?:l yil(di; = 1)

Yo yil(das = 1)

XY =

Combining the two pieces together, we get:

Bors =

i 0 Z:‘L:1 yi]l(du = 1)
L 0 nilz Z:'L:1 yi]l(d27i = 1)
= i i yil(di; = 1)

s i Yil(dz = 1)
_571
Y,

5.1.2 Part b

The first transformation demeans y so that y* has a sample mean of zero. The second transformation

demeans X so that X* has a sample mean of zero. When running regressions with these variables, the
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B coefficients are now deviations from the mean of the data.

5.1.3 Part c

Let’s start from the second OLS regression. We can rewrite this equation as

Y = X181 + Xofa + &

XF{D1D4

M3
Gia

X, =

B2 =5

Now, we don’t care about X7, so we can use the elimination matrix to simplify the problem. Define

M, =1 - X7(X]X1)"1X;. We can now write By as:

By = (M X) M X) ™" (M X) MY

Okay, let’s look at this equation piece-by-piece. First, we look at M;Y:

MY = (I - X{(X1X1)7'X,)Y
=Y - X|(X]X1)"' XY

Y;
=y x|}

\E
=Y — D1Y1 — D2Ys
—v*

Now we can look at M;X:

Lo | [, wl(d; =1)
:X_X%m 1 S =1
T2 =1 Til(d2; = 1)

=

S lxll

j‘l

2
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Now we have all the pieces we need to find Bg:

By = (M X) My X) ™ (M, X) My Y
= (X)X (X)Y™)

Turning to the first OLS regression, we apply our normal formula for the OLS estimator:

B = (X)X ((X*)Y*)

which is the same estimator we derived from the second OLS regression. Therefore, the two regressions

deliver the same results for the target 3’s.

5.2 Previous Problem: Question 2

Consider the simple linear regression model, y; = By + f1x; + ;. If the true value of Sy = 0, compare
the variance of Bl with the variance of 3;, where (31, Bl) are the slope estimates of y on z; in models

with and without an intercept, respectively.

5.2.1 Solution

We first derive the slope estimate Blz

B =(a'n)" (2'y)

1 POHIE D DU ¥ D1 Yi
n Z;L:l acf - (Z?:l xi)Q [_ Z;L:l L n [Z?_l fzyz]

1 D T D Yi T D T i TiYi
ny iy wi— (i xi)z [ = i1 T 2 Yt D Ty ]

Let’s look at just the bottom row of the matrix:
n n n n

_szzyz +nzxiyi = nzxzyz —n’zy
i=1 =1 i=1 i=1

n
=n Z iy — 22Ty + n2:f§/
i=1

n n n n
=n E TilYi — N E Ty —n E Yil +1n E zy
=1 =1 =1 =1

—n> (@ - &)y~ )
i=1
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The denominator out front can be equated to the sample variance:

(22 — 2zx; + T?)

3
7
8
I
@
()
Il
3
M=

o
Il
s
o
Il
—

I

S
Il
-

n
x? — 2@2@ + n:iz)

i=1

x? — 2nz% + nx2>

[
S

I
3
o e T
' IX E

(3=
K
<o
|
3
8

%}
N——

@
Il
-

i
X

Il
S
-
(7=
&
~
[\v]

o
Il
N

__<’

B = ny i (zi —2)(yi —9) _ S (@ — 2y,
nyioy(zi — )2 o (z — x)?

Therefore:

Now, let’s find 31:

B = (a'z) " (a'y)

() ()

_ 22‘;1 TiYi
Z?:l xzz
Now that we have our slope coeflicients, we can compare the variances. First, let’s take the conditional

variance of [y:
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Now we can move to the variance of [y:

- "o xy

Var (51‘ :c) =Var (M
1= 3

_ Y wiVar(yilr)
- n 2

B Z?:1 3%2

/)

If £ # 0, then the denominator of the variance for 31 will be smaller. Therefore:

Var (Bl‘ x) > Var (51’ x)

5.3 Previous Problem: Question 5

Let the random variable X, have a binomial distribution, Bin(n,p). Then E[X,] = np and Var(X,,) =
np(l = p).

(a) Prove that X,,/n converges to p in probability using the Chebyshev Inequality.
(b) Prove that 1 — X,,/n converges to 1 — p in probability.

(¢) Prove that X, /n(1 — X, /n) converges to p(1 — p) in probability. Use the theorem that if
P P
X, — a, then g(X,,) — g(a).

5.3.1 Part a

First, note that E[X,,/n] = p and Var(X,/n) = np(1 — p)/n?. Now we can use the Chebyshev

Inequality:
X E[X, — p]?
(o)< 2
n €
Var(X,/n)
T e
_p(1—p)
ne2
0

Therefore, since lim P (’% — p’ > 5) = 0, we know that X, /n £, p.

n—oo
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5.3.2 Partb

43

Again, note that E[1 — X,,/n] = 1 —p and Var(l — X,,/n) = np(1 — p)/n?. Apply the Chebyshev

Inequality:

E[l — Xn/n — (1 _p)]2

-qu—f?-%l—pﬂze)é

o2
Var(l1 — X, /n)
_p(l-p)
ne?
0

Therefore, since lim P (’1 — % -1 —p)’ > ¢) =0, we know that 1 — X,,/n Rig| —p.

n—roo

5.3.3 Part c

Note that E[(X,,/n)’] = p%. Then by the weak law of large numbers:

() =[]

Now define g(X,,) = X,/n — (Xn/n)?. Then by the provided theorem:

9(X,) 2 g(a)
=p—p°

5.4 Matlab Functions

In class, you were told that building a function in Matlab to calculate OLS estimates would be a good

idea for your midterm. I'm going to go through constructing a function in Matlab to make sure that

we are all on the same page.

There are two ways to create a function. First, you can include a functions section at the end of

your file. This method works fine if you are only using that function in the current file.

Secondly, you can create a new Matlab file starting with the “function” command. As long as this

file is in your directory, you can call this function in any other file. This method tends to be more

useful.

First, let’s look at the function syntax:

function [ols, se, tstat, ci95] = olsreg(x,y,variables, newey)

I declare that I am writing a function. Then, in brackets, I list the output variables I want from

the function. Note that these output variables must be named inside the function. Next, I say that
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these output function come from the function, in this case “olsreg”, consisting of the input variables
“x7, “y”, “variables”, and “newey.”
To call this function, let’s look at my Matlab file:
clear, close all
newey = 0;

% Load data
load taylor.mat;

start = 25; % 25 for FF, 49 for SR
stop = 160; % 172 is the end, 160 for pre-covid (2018Q4)

y = taylor.ff(start:stop); Lhs variable

%
T = size(y,1); % Number of time periods

% Include a lag of the federal funds rate
lagffl = lagmatrix(taylor.ff,1);

x = [taylor.electionl(start:stop), taylor.pceinf(start:stop),...
taylor.Unemployment(start:stop), log(taylor.uncertainty(start:stop)),...
lagffl(start:stop), ones(T,1)];

variables = ["Election Cycle"; "Inflation"; "Unemployment"; "Uncertainty"; ['Lagged Rate"; "Constant"

[beta, rse, tstat, ci95] = olsreg(x,y,variables,newey);

I first define the input variables. “newey” is defined in the second line. “y” is defined as the federal
funds rate. “x” is the matrix of right-hand side variables. “variables” is a string vector of my right-hand
side variable names.

At the end of the file, I say that I want to save the OLS coefficients as “beta”, the standard errors
as “rse”, the t-stats as “t-stat”, and the 95% confidence interval as “ci95.” I then call the function name

and put in my input variables. Now let’s look at the function file:
function [ols, se, tstat, ci95] = olsreg(x,y,variables, newey)

k = size(x,2);

T = size(y,1);

% OLS estimator

ols = inv(x'xx)*(x'*y);
% Res 1s

resid = y — xkols;

if newey == 1

% NW estimator
p=1;
omd = zeros(k,k);
for t = 1:T
om@ = om@ + resid(t)kxresid(t)*x(t,:) "*x(t,:);
end
om@ = om@;
oml = zeros(k,k);

for lags = 1:p
for t = p+1:T
oml = oml + (1-lags/(p+1))*resid(t)*resid(t-lags)*(x(t,:) '*x(t-[lags,:) + x(t-lags,:)'*x(t,:)
end

Right away, I use the input variables “x” and “y” to define “T”, the length of the time series, and
“k”, the number of right-hand side variables. I then calculate the ols estimator vector. I then need my
measure of precision, the standard error. Because I am dealing with time series, I include the option
to use the Newey-West variance calculation. My indicator variable, “newey”; is turned off though, so I

use robust standard errors, as seen below:
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var = om@ + oml;

else
|
% Calculate White standard errors
var = zeros(k,k);
for t = 1:T
var = var + x(t,:)'xresid(t)xresid(t) '*x(t,:);
end

end
avar = T/(T-k)*inv(x"*x)*varkiny(x'*x);
se = sqrt(diag(avar));

% t-stats
for i = 1:k
tstat(i) = ols(i)/se(i);
p(i) = 2x(1-tcdf(abs(tstat(i)),T-k));

% CIs

b = ols(i) - tinv(1-(1-.95)/2,T-k)*se(i)
ub = ols(i) + tinv(1-(1-.95)/2,T-k)*se(i);
ci95(i,:) = [1b, ubl;

I can then calculate the standard errors. From there, I can calculate the t-statistics, p-values, and

confidence intervals.

1b = ols(i) - tinv(1-(1-.90)/2,T-k)*se(i);
ub = ols(i) + tinv(1-(1-.90)/2,T-k)*se(i);
cige(i,:) = [1lb, ubl;

end

names = ["Variable", "Coef.", "Robust Std. Err."

"t", "P value", "95 Conf. Int. (lower)", "95 Conf. Int. (upper)"];
Regression_table = table(variables, ols, se, tstat', p', ci95(:,1),...
ci95(:,2), 'VariableNames',names);
display(Regression_table)

Lastly, I build the regression table and display it, so that when the function is finished, the table
will appear in the console. You should make your own function for the exam, not copy mine. But you

can use my function as inspiration for your own function.
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Chapter 6

Algebra Review

6.1 Previous Problem: Homework 3 Question 1

Consider a simple regression model:
yi=a+fri+¢
where g; ~ Exp(\) with pdf:
1 —ei/A
fleilzi) = Ne ' eiz0

Show that the OLS estimate for 3 is still unbiased but that & is now biased.

6.1.1 Solution - Finding the Expectation
First we must find the expected value of an exponential distribution:
Elei|z;] = / —e /M e
O A
Using integration by parts:

u=¢; dv = e~/ e,

du = de; v=—Xe &/
Then the integral becomes:

> =

({—51»)\6_5"”}:0 + )\/000 e_s"//kdel)

47



48 CHAPTER 6. ALGEBRA REVIEW

To evaluate the first part, we need rearrange it into an indeterminate form:

. e —EiA
lim —egle S/* = 2
£;—00 esi/k

This form is co/oo0. We can now use L'Hopital’s rule:

li EiN — U -
siﬁg?)o eEi/)‘ sil—ﬂ)o %651/)‘
=0
Going back to the expectation:
A
= X e_ai/kdi‘:l
0
= )\67“”} -
0
=A

6.1.2 Solution: Evaluating the Bias

We start with the slope coefficient that we derived last week in recitation:

_ Y (wi —Z)(a+ Bri + &)
D iz (T — T)?
_ i (@i = @)+ 3 (w — @) B + 3o (w — T)e
> iy (i — 2)?
_ (nT —nT)a+ S(a? —22) B+ D (w; — T)e;
> (zi — )2
_ 2@ —na®)B+ Y (xi — T)es
i (2 — 2)?
_ 2@ —2)?B+ Y (@i — e
i (2 — 2)?
S(x; — T)ey
i (zi — )2

=B+

Now take the expectation:
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Sii(@i —7)E [€Jﬂﬂ]
> (i — )2

§:¢_1(fz—'$)A]

i (2 — 1)?

-

.
=p

So the slope coefficient is still unbiased. Now we look at the intercept term. As a refresher, let’s derive

it from first principles. We want to minimize the sum of squared residuals:

n n

.o\ 2
25 =2 e da)
0SSR = .2
nyg —na — Bnz =0
a=7y-pz

Now take the expectation:
Ela] = E[g] - E |32]

Zz 1($ _x)yl - .
> i (i — )2 o1 '

— o+ BE[z] + A — ~E F?ﬂ(”’ —d)latprit+e) Zn::c]

1 1
= fZIE[a—i—ﬂxi—l—si]—fE
n n

— o+ BE[z,] + By [ei]2] — %E

_a—|—ﬂ]E[xz]+>\—*E

S R TR
ﬂZII‘F Z 1(5“7‘%)2 Zz:; z‘|

= o+ BE[zi] + ) — —Ez BZ% By SlCi i)Ii%[e;|x} Zn:w
> iz (i — @) i=1

=a+ fE[z;] + )\fsz l52x1+ ;1 x__?)];\ZzZ]

il i=1

=a+ A\
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6.2 Previous Question: Homework 3 Question 2

Consider the simple regression model:
Yi = o+ g
We estimate a via OLS.

(a) Show that & = g. Also show that & is consistent and asymptotically normal.

(b) Consider an alternative estimate & = Y|, w;y;, where:

1 1

T a2 T S

This is a weighted sample mean of y. Prove that & is consistent and obtain its asymptotic

variance. Note that 37 w; = 1 and Y7, ¢2 = “rtl@ntl),

6.2.1 Part a
Using the OLS estimator:

"z) " (2'y)
-1 n
' (1)2> <Z yi)

1

(

jo)
Il
8

I
S|l—=
3

INgE
<

(2

Il
|

Now we can appeal to asymptotics:

[

Il
S|
INgE

&

N
—

3|

(Oz + 61‘)

S|

.
Il

I

Q

+
S|i= =
i-

o

=

L5 a0+ Ele;]
= o+ E,[Ele;|z]]

oa—r
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So « is consistent. Going back to equation (1):

6.2.2 Partb

Let’s simplify a:

=1
n
=+ Z Wi;E;

i=1
Now we go the Chebyshev inequality:
N E[(a-a)?

P(la—al > x) S[Xz]
_ E[a® —2aa + o?]
Y2
E {aQ +2a Y0 wig + (0 wie)’ — 207 — 2 wiei + o

X2
E (S, we)’]

X2

Here, we note that:

=E, =0

E lzn: WiE;
i=1

Z wiE[si\x]
i=1

SoE (X, wiei)z} = Var (Y.}, wie;). Continuing on:

B[S v’ var (o, wie

X2 X2
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Z? 1“}2‘/6””( i)
N #

B QZ n+1/2)

fn(n+l)(2n+1)/6
x2 n?i(n+1)2/4
_of22n’+3n+l 4 @)

x2n3+2n2+n 6

Taking n to infinity will generate an co/co form. Using L’Hopital’s rule:

lim0—22n2+3n+1~%: limU—Q dn+3 _

nooox?2n3+2n2+n 6 noocox?23n?+4n+1
o o?  4n+3
Tl 23 rdn 1

D = O

0?4 4
im—— =
n—oox26n+4 6
=0

Therefore, as n — oo, P(|&@ —al] > x) < 0. By definition, then, & 5 a. To find the asymptotic
variance, we simply take Var (v/n(& — «)):

Var (Vn(a — a)) = nVar(a)
=nVar <a + Zn:wisZ)

i=1

=nVar (Z wi5i> (Use (2))
i=1

223 +3n+n 4

-7 n+2m2+n 6

Once again, this is in an co/co form. Applying L’Hopital’s rule:

22n3 +3n%+n 4 262 +6n+1 4

limo*~—————— - = limo
nooo. N3+ 2m2+n 6 nooco 3n2+4n+1 6
212046 4
= lim ot e T s
12 4
= lim o2 -
3’6 6
_402

3
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Therefore, because & is consistent, the asymptotic distribution is:

Vi@ —a) -5 N (0,?)

6.3 Violating the Exogeneity Assumption

Take the following regression specification:
Yi = B+ €

/

Define x; = [1,x0,...,2x). Suppose that E[zie] # 0. The proof for consistency of our § estimator

-1
R 1 n , 1 n
_,6+ lixx’ - lixa
- n 1 n )

would therefore fail:

This is as far as we can go without assuming orthogonality. Now suppose that we have a variable z
that is uncorrelated with e; such that E[zze;] = 0. Define z; as [1,x1,...,2,_1, 2k]". Go back to the

standard regression equation:
yi = i +ei
Instead of pre-multiplying by x;, pre-multiply by z;:

ziyi = %0 + zigq
Elziy:]) = Elzix;] 8 + Elzieq]
Elziz] "Elziy:] = 8

K2

Apply the analogy principle:

-1
R 1 n , 1 n
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Let’s see if this estimator is consistent:

n -1 n

=1 =1
n -1 n
=B+ (711 ; zmi) (711 2 zisi>
L B+ E[z2)] 'Elzie]
=p

So the estimator is consistent. Is it biased?

n -1 n
E[f] = f+E (i Z Zﬁ;) (Tll Z Zi5i>
i=1 i=1
1 n ) -1 1 n
=B+E,, EZzlxz ﬁZzzE[eAz,x]
i=1 i=1

But we do not know if the inner expectation is zero. So it is safest to assume that this estimator is
biased.



Chapter 7

Non-Linear Least Squares

7.1 Theory

Non-linear least squares is a topic I did not cover my first year in the program, but the idea behind it

is cool. We start with the following general function:
yi = h(zi, B) +ei,  Elglz] =0

As in linear least squares, we want to minimize the sum of squared residuals:

n

. _ . L . 2
T%? S(p) = Tg? 2 (ys — h(zi, B))

Taking the first order condition with respect to 8 yields:

" oh
—23 " (yi — h(z:,8)) =— =0
2 o

In ordinary least squares, we can solve this first order condition analytically. With non-linear least

squares, we usually cannot derive an analytical solution. As such, the best we can do is:

BNL = argmin S (8)
{8}

By definition of the least squares estimator, B ~1 solves the first order condition. That is:
05 (Bxe)
—5 =

7.1.1 Consistency

Despite not having an analytical solution, we can show that the non-linear least squares estimator is

consistent. We need to make one more assumption: that g is identifiable. In other words, there exists

95
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only one 3, denoted by [y, that minimizes the sum of squared residuals.
Now, recall the continuous mapping theorem:

Theorem 3 (Continuous Mapping Theorem). Let x,, be a sequence of real-valued random vectors and

let h: R¥ — R™. Define the set of discontinuous points as:
Dy, ={xz € X : h(:) is discontinuous at x}
Now, if P(x € Dy) =0 and:
(i) if L 2, then h(zy) £ h(z)
(i1) if xp N x, then h(x,) N h(x)
(i5i) if £, =25 2, then h(z,) &5 h(z)

The converse of this theorem holds true when h(-) is an injective (one-to-one) function. Stated another

way:
Theorem 4 (Converse). Let h(-) be a continuous, injective function such that h(x,) N h(zx). Then:

P
T, —

How do we plan on applying this converse? z,, in our scenario is B ~NL- We want to show that B NL £, B.

. .. 0S(B
We also have a continuous, one-to-one function in agf) . We already know that:

95 (8)
—= =0
op
If we take the probability limit:
las(B)_ﬂo
n 0p

Now we need to show that %go) = 0 too. We begin with the sample mean of the derivative:

10S(8y) 1 Oh(z;, B)
ET,BOZEZ(%_M '5))7

=1
:&Fhﬂ%gfq

=0
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Therefore:

105 (Bre) , as(a)
n 08 0B

By the converse of the continuous mapping theorem then:
A P
Bnr — Bo

We have proven that the non-linear least squares estimator is consistent.

7.1.2 Asymptotic Normality

Start with the first order condition:

0s(5) & Oh(zi, B)
a8 = -2 ;(yi - h(xmﬁ))T

Denote the right-hand side as g (B) Doing a first-order Taylor approximation around the true

delivers:
9(B) =)+ 1 (3)(3-p) for e (5.5) (7.1)

Looking just at the Hessian (in red):

()=
=2 Z_nl - (;ﬂﬂ) - S; ) 2;”;(% - h(xi,ﬁnw
ta(s) 2[00
=2Qo
Going back to equation (1) and dividing by +/7:
Z=0(8) = J=o(0)+ 111 (5) v (3 - 5) (72)
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Now let’s look at the gradient (in blue):

7 2 = e ) =55

%\M

1

f =
i x,,

< [ Oh( xl, B) ah(xi,ﬂ)’g,D

B
=N (o0, 4B, [ah(ggﬂ )’ E[e:¢]|2] L(ggﬂ ) D
= N(O 4o QQ)
Rearranging equation (2) gives:
va(s _ Lot
n(B-8) =1 (5)  me®)
N %lezv (0, 40%Qo)
=N (O, UQQJI)

This completes the asymptotic normality proof.

7.2 Example

Suppose we have the following regression specification:

6137
= +€
Y B2+

We want to estimate this via non-linear least squares. To do so, we use the Newton-Raphson algorithm:

5(6) ~ S(60) + 9(60) (6 — ) + (0 — o) H(B0)(0 — )

where S(6) is the function we want to approximate and 6 is the estimated parameter. 6 is the guess
made for the value of 6 at the beginning of that iteration. To update our guesses, we use the following

formula:
Oiv1 = 0; — H(0;) " g(6:)
Lastly, we stop iterating when the algorithm converges:
[10;+1 — 6:]] < tol

where tol is a tolerance parameter, usually set to 1075,
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In our problem, 6 is 8 = [B1, B2]’. S(6) is the sum of squared residuals. Let’s define the constructs we

need:

e =y — DT
' b Bet oy
n
SB) =) e
i=1
s
9(B) = ﬁélt:‘ e
(B2+z:)?
—z; ! —;

1T
(B2+xi)? (B2+x:)?

To run this example, I use the following data set:!

y = [0.05,0.127,0.094, 0.2122, 0.2729, 0.2665, 0.3317]'
x = [0.038,0.194, 0.425, 0.626, 1.253, 2.5, 3.74]’

(Residuals)

(SSR)

(Gradient)

(Hessian)

Below is a screenshot of the algorithm I wrote and a graph demonstrating the non-linear regression

model. Note that before running the algorithm, I needed to set initial values for Sy, iter, and diff.

while abs(diff) > 1le-15

% Set last iteration's beta
beta® = betal;

% Calculate residuals
e = y - beta@(1)*x./(betad(2)+x);

% Calculate the gradient

gradl = [-x./(beta@(2)+x), betad(1)*x./(beta@(2) + x).”~(2}]'*xe;

% Calculate the Hessian using the gradient squared

hessl = [-x./{beta@®(2)+x), betad(l)xx./(beta®(2) + x).~(2}]"'...
*[-x./(beta@(2)+x), beta@(1)xx./(beta@(2) + x).~(2)];

% Update beta guess
betal = beta® - (hessl)~(-1)*xgradl;

% Second-order Taylor approximation of FOC

s = e'xe + gradl'x(betal - beta@®) + 1/2x(betal-beta@)'xhesslx(betal-betp

% Difference
diff = betal - beta®;

% Count the iteration
iter = iter + 1;

% Display the iteration we are on
display(iter)

1These are taken from an example found here.


https://www.uio.no/studier/emner/matnat/math/MAT3110/h19/undervisningsmateriale/lecture13.pdf
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0.35 : : :

0.3
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0.2
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7.3 Homework 4 F-Statistics

The F-statistic calculations in homework 4 were rough, so we’re going to go through question 1, focusing

specifically on the F-tests:

Test the null hypothesis of constant returns of scale of the Cobb-Douglas production func-
tion, Hy : B1 + B2 = 1, in three different ways: 1) t-test 2) F-test using a set of linear
restriction, 3) F-test by comparing the sum of squares of restricted and unrestricted regres-

sion. Compare these test statistics, and comment on your findings.

7.3.1 Part1l

We first need to run an OLS regression. Once we have the 8 coefficients and the variance-covariance

matrix, we can then run a t-test on the null hypothesis.
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OLS Regression Results
0.943463 Rbar2 =
Sum of Squared Residual = 0.851634
F-statistic( 2, 24) = 200.248945 ( 0.00000)
Durbin-Watson Statistic = 1.885989
Number of Observations

1.170644 0.326782 3.582339 0.001502
0.602999 0.125954 4.787457 0.000071
0.375710 0.085346 4.402204 0.000190

Why can we run a t-test? We have one linear restriction, so the t-test squared is the F-test. Our
t-test will look like:

- B+ P2 —1
VVar(B) + Var(B2) + 2Cov(B1, B2)
= —0.3402
F =0.1158

The other two ways of calculating the F-stat should deliver the same value.

7.3.2 Part 2

The next F-test is done via linear restriction. We are setting 51 + 82 = 1, so the restriction matrix
will look like:

R=1lo 1 1]

with a value, ¢, of 1. We now follow the formula:

(RB - q)l (R(:r’:zc)_lR’)_1 (RB — q)
N s2r

( L+ B — 1>I (RSZ(x'x)_lR’)_l (31 + By — 1)
= (Bt b—1) (RVar (B)R) ™ (Bt o —1)
0

This statistic matches the one from Part 1.

7.3.3 Part 3

Now we want to run a restricted regression and obtain the sum of squared residuals. We can rewrite

the restriction as:

Ba=1-p
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Sub this into the regression specification:

(Y)
(Y)
In(Y) —In(L)

Bo + Buln(K) + Baln(L) + €

Bo + Brin(K) + (1 = f1)in(L) + €
Bo + B1(In(K) — In(L)) + ¢

Bo + Biln(K*) +e

In
In

Y

Reformat the data to match this regression specification. Then calculate the SSR,.:

OLS Regression Results
0.481076 Rbar2
Sum of Squared Residual 0.855741
F-statistic( 1, 25) 23.176629 ( 0.00006)
Durbin-Watson Statistic 1.903585

1.069265 0.131759 8.115322 0.000000
0.363030 0.075408 4.814211 0.000060

Compare this to the SSR,, from part 1:

SSR,, =0.8516
SSR, = 0.8557

Use the F-test formula for sum of squares:

(SSR, — SSRy,)(n — k)
SSR,,r

(0.8557 — 0.8516)(27 — 3)
0.8516

F:

=0.1158

Note that k is the total number of regressors (3, as we have the constant, In(K), and In(L)).



Chapter 8

Midterm Review

8.1 Frisch-Waugh-Lovell Theorem

Theorem 5 (Frisch-Waugh-Lovell). Let the regression model be as follows:
y=z101 +x282 + ¢
Then the estimate for B will be the same as the estimate from the following model:

My = MyzoB2 + Miu (1)

This yields a coeflicient estimate of:
By = (zhMyzo) " (zh Myy)

We can write the theorem in another, equivalent way. First, start from equation (1). Note that
My is the part of y not explained by x;. Therefore, M,y represents the residuals from the following

regression:
y =B +¢e
Call those residuals £;. Then look at Mjxzy. This represents the residuals of the following regression:
To = WL + Uy
Call those residuals Z>. Then the estimate for BQ becomes:
By = (Eh2) " (#h¢1)

63
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This is just the slope coefficient from the following regression:

&1 =PaZa +v

8.1.1 When to use this?

We use the FWL theorem when we can partition the regression. For example, take the following

specification:
Y=o+ o121 + Qozo + 323 + gzg4 + €

/ /
Suppose we are only interested in «;. Define x1; = [1 zoi 23; 24;| and B1 = |ag a3 o3 a4}

. Then define z9; = 2}; and B2 = a. This rewrites the regression as:

y=a101 +x202+¢€

Back in the early days of computing, computational power was limited. To save time, researchers
would use the FWL theorem to find only the coefficient in which they were interested. Today, we use

it as a regression exercise mostly. The theorem is nice for some proofs.

8.1.2 Homework 1, Question 4

Consider the following demand equation system:

Eq = aq+ BaY + YaaPa + YanPrn + VasPs + €4
E, =a, + B,Y + YndPa + YnnPn + YnsPs + €n
Es :as+ﬂsy+75dpd+75npn+735ps+€s

As defined, Y = Eq+ E,, + E5. Prove that 54+ 5, + 3s = 1.

8.1.3 Solution

Definex asz= |1 P; P, P, Y/|. Then the OLS estimate for each regression is:

Sum these three together:

Ba+ B+ By = (a'2) " (2'Y) (2)



8.2. WALD TEST 65

Now partition x into x; = [1 P, P, PS] and zo = Y. Then we obtain equation (2) from the

following regression:
Y=z +a262+¢
Using the FWL theorem:

BQ = ($/2M1£B2)71(.’£12M1Y)
= (e Mizxo) ™! (2 My o)
=1

This proves our claim.

8.2 Wald Test

The Wald test allows us to test restrictions on parameters. In class, you saw the linear restriction
Wald test. It can be generalized to non-linear restrictions, but let’s stick with the basic test for today.

We have the following regression:

y=mz151+x202 + x50+ wafate
with the following hypotheses:
Ho:p1=p2 and B3 =0,
The Wald test formula is as follows:
W= (8 o) [RVar ()R] (RE—0q)
For statistical testing, we need to take the asymptotic distribution. Therefore, the Wald test becomes:
w -4 (RB—q) [R Avar (B) R'} o (RB —q)
=X;

What’s the intuition behind the Wald test? We are measuring the distance from our hypothesized

values given the coeflicients we estimated from the data. Now, let’s construct the R matrix:

R:

1 -1 0 O
0 0 1 -1
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When we multiply R against the S vector:

) b1
re_ |l 10 0] Ba
0 0 1 -1 |8
B4

:_ﬁ1—ﬁ2_

| B3 — Ba]

Now, what is ¢?7 ¢ will be the value we hypothesize for each restriction. Then:

o
=y

Now, what about the asymptotic variance term? Assuming homoskedasticity in the error term, we

know the asymptotic variance of B:
Avar (B) = o’E[z'z] !

Estimate this using the analogy principle:

We have all the pieces for the Wald test now. Just plug them into the formula:
~ / — A~ _1 A
W = (Rﬂ — q) [R Avar (ﬂ) R’} (RB - q)

In our example, we compare the resulting statistic to the critical values of a y? distribution with r = 2

degrees of freedom (as we have two restrictions).

8.3 Lagrange Multiplier Test

To solidify intuition, let’s look at the set-up of the Lagrangian:
L=SB)+(R(B)—q) A

where X is the Lagrange multiplier and S(3) is the sum of squared residuals (for least squares regres-

sions). By solving the first-order conditions for A and finding its asymptotic distribution, we get a
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finite estimate of:

05 (5.) (105 (8)os (5.)\ o5 (5)
IM=—55"\ " "03 OB’ 9

5 x2
In our case, with the generalized version of least squares (y = h(z, 3)):

a8 Br n _ Oh iaB
8(6 ) —2) e, (gﬂ )

i=1

Define z as %ﬁ“ﬁ). Then we can rewrite the statistic as:

-1
nead ((@9)'a?)  (20)' &

oz
éréy

LM =

Note the r subscripts and superscripts. All of these objects are evaluated using the restricted regression.
In addition, an important assumption working behind the scenes here: that BT must be consistent. If

it is not consistent, the derivation of the asymptotic distribution for the Lagrange multiplier fails.

8.4 Chow Test

The Chow test test whether coefficients in two regressions, notably on different data sets, are equal.
Most often, we use this in time series and on the constant or time trend variable to test for structural

breaks.

8.4.1 Homework 5, Question 3

Consider a regression model:
Yi = Po + Biwi1 + Baziz + -+ + Poxig + &

for each year 2004-2010. Regressions for each year and the pooled model produce the following statistics:

| | 2004 | 2005 | 2006 | 2007 | 2008 | 2009 | 2010 [ pooled model |
Observations | 65 55 87 95 103 87 78 570
ee 104 | 88 | 206 | 144 | 199 | 308 | 211 1425

(a) Write the regression model to produce the sum of squared residuals for a pooled regression for
2004-2010.

(b) Test the hypothesis that the slope parameters are equal for all years.
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8.4.2 Solution

For part (a):

~ ) _ ~ -58004_
Y2004 i2004 O 0 0 0 0 0 2004 52005
Y2005 0 digeos O 0 0 0 0 2005 32000
Y2006 0 0  i2006 O 0 0 0 22006 52007
Y2007 =10 0 0  i2007 O 0 0 z2007 32008
Y2008 0 0 0 0 dig0s O 0 @008 32009
Y2009 0 0 0 0 0 d2000 0 2009 52010
LY2010] o704 | O 0 0 0 0 0 12010 72010 ] s70x16 | B,
L J16x1
with the error term at the end. For part (b), redefine x; to include the constant. Then:

Y2004 ] (22004 0 0 0 0 0 0 | [ Ba004 |

Y2005 0 w2005 O 0 0 0 0 B2005

2006 0 0 m2006 O 0 0 0 B2006

Y2007 =1 0 0 0 w07 O 0 0 B2007

Y2008 0 0 0 0 22008 O 0 B2008

Y2009 0 0 0 0 0 w2000 O B2009

Ly2010] 575,y L O 0 0 0 0 0 @2010] 570,79 LP2010] 7

The Chow test is therefore:

(570~ 7-10) (216, — X104 211 )

F= 2010
(9-6) (200 &120)

We compare this statistic to the critical value from the F' distribution with degrees of freedom equal

to the number of restrictions (54) and free observations (500).

8.5 Strict vs. Weak Exogeneity
Let’s remind ourselves what both strict and weak exogeneity are:

Ele;|z;] =0 (Weak Exogeneity)
0

Ele;|z] = (Strong Exogeneity)

We have used strong exogeneity to prove properties of OLS. Could we use weak exogeneity?

The answer is yes, at least for our purposes. Because of our assumption that the observations are
independently distributed, ¢; is independent of €; and z; is independent of x;, for j # i. Therefore,
Ele;|z] = Eleg|x;]-
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This distinction between exogeneities becomes significant when the independence assumption might

fail. Some examples include:
e Geographic correlation
e Time series autocorrelation

e Intra-household data
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Chapter 9

Maximum Likelihood Estimation

9.1 Maximum Likelihood Theory

9.1.1 Basics of MLE

The Maximum Likelihood Estimator seeks to estimate a parameter that maximizes the likelihood
function. The likelihood function describes the probability of observing the data that we’ve collected
with parameters as the arguments. Of course, the underlying functions and therefore parameters in

use are chosen by the modeller. The likelihood function is given as:
n(0]Y) = H f(y,16)

where f(y,|0) is the underlying DGP of the data.

To make analysis easier, we often take the natural log of the likelihood function. Note that because
natural log is a monotonically increasing function, the argmax of the log transformation is the same
as the argmax of the original likelihood function.

The log-likelihood function is:

Remember that these functions are functions of 8 and we keep vy fixed.

To estimate 6, we find the score vector. The score vector is defined as:

94,(6)
00

sn(0) =

Note that if 8 is k x 1, then s,(0) is also k x 1.
If the log-likelihood function is differentiable over @, then we can set the score vector equal to zero

and solve for §. Recall from your microeconomics class that this FOC is necessary and not sufficient

for determining whether we are at a maximum. As such, we should check SOSCs (085529/) < O) just

71
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to be sure.

9.1.2 Kullback-Leibler Information Criterion

The Kullback-Leibler Information Criterion is defined as follows:

KL (pllg) = E, {m (%ﬂ

=[G

The KLIC measures the ability of the likelihood ratio to distinguish between two distributions.

If you know anything about information theory, then the KLIC probably looks familiar. Entropy

is defined as:

H(p) = —E[In(p)]

and defines the degree of uncertainty in a distribution.!

An important property of the KLIC, stated in the Gibbs Inequality theorem and derived from
Jensen’s Inequality, is that for any two distributions p and ¢, K'L (p||g) > 0, with equality holding only

if p = ¢ almost everywhere.?

Proof. Note that In is a concave function. Then:
p - g
—E, |In|= || = E piln ()
3 [ (q)] i1 Di
- qi
<ln)d» p,—

n
=In Z qi
i=1

KL(pllg) >0

This proves that the KLIC must be weakly positive. Equality trivially holds when p = q. O

IThe two are related as follows: H(p) = KL (p||u) + C, where u is the uniform distribution and C is some constant.
2«Almost everywhere” allows p # ¢ at a nullity point.
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9.1.3 Consistency

Take the estimated log of the likelihood function of some value 6 over the likelihood function of the

1 L(#) ) 1 & < L;(6) )

—1In = — In

n <L(90) n ; Li(90)
By the weak law of large numbers, we know that:

SMCHRNEES)

= —KL(L(6y)||L(9))
<0

true, maximizing value 6:

By identifiability (that there is only one 6y), 6 # 6. Define 0,, as the argmax of the likelihood function.
Then:

P (én + 90) =P ({g;%f}i iln (15(990))) > 0)

1 & L(6p)
< Pl - In
sr(ren (i

—0
Therefore, since there does not exist a 6,, that maximizes the function greater than 6y as n — oo,

0, 25 6,

9.1.4 Fisher Information Matrix

The Fisher information matrix conveys how much information the data Y carries about the unknown

parameter 6. It is given by:

o¢,(0
Zonm =Var ( 8é )>

. [aen(maen(e)]

06 00

Note that if our model is regular (see slide 23 of Topic 7) and correctly specified (see slide 6 of Topic
7), then the Fisher information matrix equals the expected Hessian:

IOn:HBn

) )

u {aen(e) azn(e)} . {_ a%n(e)]

20 06 0600’
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It is useful to remember that the asymptotic distribution of our MLE estimators is:
(0, —0) -5 N (o,ze—j)

as long as assumptions 1-11 on slide 54 of Topic 7 hold.

If the model is mis-specified, then the asymptotic distribution is:

V6, —6) 5 N (0,51 To1H;} )
9.1.5 Cramér-Rao Lower Bound

If a model is regular, parametric, and correctly specified with an interior solution for @ that is unbiased,

then the lowest possible variance is the Cramér-Rao Lower Bound. That is:
Var(0,) > (nZe) "

Note that if our data is i.i.d., then nZg 1 = Zg n-

9.2 Practice Problem 1: Hansen 10.4

Let X be distributed Cauchy with density f(z) = for z € R.

-1
w(1+(z—6)?)

(a) Find the log-likelihood function of £, (6).

(b) Find the first-order condition for the MLE 6 for 6. You will not be able to solve for 6.

9.2.1 Part a

We begin by finding the likelihood function. We will then take the natural log of that function. Using
the definition of the likelihood function:

n

1
o =11 o=

i=1
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9.2.2 Partb

Now that we have the log-likelihood function, we can find the score vector and set that equal to zero:

a6,(6) 0 - 2
aé ) _ a _nln(ﬂ)_zzn(u(xi—e) )

Usually we’d like to solve for 6, but note that here we cannot. We need a numerical solver to find the

optimal estimator. So our work, analytically at least, is done.

9.3 Practice Problem 2: Hansen 10.7

Take the Pareto model f(z) = az™'7% z > 1. Calculate the information for o using the second

derivative.

9.3.1 Solution

We start with the likelihood function. We will then take the natural log to find the log-likelihood

function.

n

Lialz) = [ (a7

lo(a) = Zln(amfl_a)
= Z In(a) — (1 + a)in(z;)
= nin(a) — Z(l + a)in(z;)
i=1

Now that we have the log-likelihood we can find the score vector:

Wgﬁfw _ (% nin(a) - 3" (14 a)in(z;)

i=1

= g - é In(z;)
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The problem tells us to use the second derivative, so taking the derivative with respect to o again:

2 (0% n n
o) 0 [1 S

Now that we have the second derivative, we look at the formula for the expected Hessian:

%0,
He,n =E [— aa(za)]
n
:Ebﬂ
n
=2

Assuming the information matrix equality holds, then:

9.4 Practice Problem 3

Suppose we have random variable y; ~ NV (a + Bx;, 02). The probability density function, conditional

on x;, is thus:

In this problem, we want to:
(a) Find the log-likelihood function.
(b) Define the score vector and solve the first order conditions.
(¢) Derive the observed Hessian.

(d) Derive the Fisher information matrix.

9.4.1 Conditional Log-Likelihood

Start first with the likelihood, then take the log:

lﬂm=Hﬂmm

= 1 ! >
0,(0) = In e~ 7.2 Wima—pfwi) )
®) ; (\/27‘(0’2
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= 7gln(27r02) — % Z(yl —a— fr;)?

204 4
=1

9.4.2 Score Vector

Next we take the derivative of the log-likelihood with respect to each of our three parameters:

0B o2 P
00,(0) n 1 &
902 202 ' 204 Z(yz —a— )

Let’s simplify one equation at a time, starting with a:
1 n 1 n n
;Z(yi—a—ﬁxi)zﬁ > yi—na—p>
i=1 i=1 i=1
lng —na — gng
= —[ny — na — pnx
o2

Recall that we set these first-order conditions equal to zero, so we can multiply by o2 and add na to

get:

Before we can advance further, we must solve for 3:
1 n
== > (i —a—Br);
i=1

n
L 2
=2 E Ty — ax; — Py
i=1

1
= —[nTY — naZ — npTT]
o
A TY —ax
T
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Now we can plug ﬁ into &:

We can then plug & back into B:

Now we can solve for o2:
O =

n

202

2 _

I
8
I
8l
[\v]
SN—"
Il
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TTY — TYT
TTi — TYT
TT — T2

Ty (TT—T°) —TTYT+TYT>

TYTT — TITY — T°TY + °TY

TZ(TT — T?)
Ty — Ty
IT — T2

n 1 «
552 T 51 > (i —a— p;)?
i=1
1< 5
254 Z(yz —a— fz;)
i=1

L3 (- a fy

i=1

9.4.3 Deriving the Observed Hessian

The observed Hessian Hg,n is defined as:

Let’s go one at a time:

o _ 82671 (0)
on = | 9006’

920,(0) n

da? o2

9%0,,(0) 1 &
9adf _ﬁi;x"
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0%0,(0) 1 «
dado? ot <

2 n
0%0,(0) 1 sz

o5 o? i=1 i
0%0,(0 1 &
Wff“)) T T4 (yi —a — Bzy)z;

Pla(6) _ n 1
(902)>  20% 0% &

9.4.4 Information Matrix

If we assume the information matrix equality holds, then the expectation of the negative of the observed
Hessian is the same as the information matrix. Recall that we treat xz; as fixed data so that its mean

is its expectation. Let’s first take the negative expectation of the second derivatives we calculated:

[ 0%,(0)] n
E | 90?2 | o2
[ 0%,(0)]  n_
B~ 5005 | = 2
[ 920,(0)]
£ | 8ado? | 0
[ 920,(0)] n__
E|— 352 :§mx
[ 920,(0)]
El- dBda? | 0
_PLO)] _
(902)* | 207

Note that we use both the property that the sum of the residuals is zero and that the sum of squared

residuals is equal to the variance. So the information matrix is:

n n -
Tom= |52 27T 0
_n_
0 0 507

So that was a lot of work! Know how to calculate information matrices quickly for the comprehen-

sive exam in June.

9.5 Practice Problem 4: Hansen 13.3 Extended

Consider independent and identically distributed observations ¥, ..., y, from an exponential distribu-

tion with parameter \. We define the distribution such that E[y] = A. We want a test for Hy : A =1

against Hy : A # 1. For reference, an exponential distribution has pdf: f(y) = %e’*’
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(a) Develop an asymptotic t-test based on the sample mean.
(b) Derive the likelihood ratio statistic.
(¢) Derive the score test.

(d) Derive the Wald test.

9.5.1 Part a

The asymptotic t-test takes the following form:

where ¢ is the asymptotic standard error. We know the true distribution of y, so we can use the

variance of an exponential distribution:

VAR(v/ny) = nVar(y)

— 2> Var(y)
" i=1

=\?

Our asymptotic t-test will look as follows:

9.5.2 Partb
The likelihood ratio test looks as follows:

LR =2[in (L (My)) - n (L (oly))]
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In our problem, our restricted estimator is A = Ao = 1. Plugging in the log-likelihood gives:

= [En:—ln (/\) —%— <§:—ln(xo)_§;>]

9.5.3 Part c

The score test looks as follows:

LW == Toan a0
First, we need to find the score:
ol (N) = 1oy
|, =X ata
A=Xo =1 A=o
_on n
N - a2Y
=-n+ny

Now we calculate the information matrix, using the information matrix equality:

a%l(x)}
A=A

Droa =E [ NN

1 Yi
— E|— —2¥
2%

_ [1 _ 2]
PERNDC) NN

So the score statistic is:
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9.54 Partd

The Wald test takes the general form:

~ ~ —1
Tfy) = n (R(G) ~ q) (3;(,9’1;;({”;;9)) (R(O) ~ )

In our case, R(é) = X and ¢ = 1. Therefore, 01;5)9‘) = 1. Plugging in everything yields:

n(3-1) (5) (-1)
n(ﬁ\—l)2

Tw

This is the square of the t-test.

9.6 Practice Problem 5: Hansen 13.1 Extended

Take the Bernoulli model with probability parameter p. We want a test for Hy : p = 0.05 against
H, :p#0.05.

(a) Develop a test based on the sample mean Z,.
(b) Derive the likelihood ratio statistic. What is its asymptotic sampling distribution?
(¢) Derive the score test. What is its asymptotic sampling distribution?

(d) Derive the Wald test. What is its asymptotic sampling distribution?

9.6.1 Part a

Because we know that the mean of a Bernoulli random variable is p, our estimator p is simply Z,,. We

use a t-test for (a):

T— \/ﬁ(jvi - pO)
_ Vn(z, —0.05)

Because we know the distribution of our random variable, we replace § with the estimated true

variance. Bernoulli distributions have variance p(1 — p), so our t-test becomes:
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9.6.2 Partb

Our pg = 0.05, so using the formula for the likelihood ratio statistic:

=1
=2 [ yiln(p) + (1 — y)ln(1 — p Zyzln (0.05) + (1 — y3)In(1 — 0.05)}
=1
d
X3

Where the one degree of freedom comes from the one restriction we impose (the null hypothesis).

9.6.3 Part c

To derive the score test, we first need to find the score vector evaluated at the restricted value:

400] _ 200
19

We now need the information matrix evaluated under the null hypothesis. Knowing that this
parametric model is correctly specified (due to us knowing the underlying distribution) and regular,

we can use the information matrix equality:



84 CHAPTER 9. MAXIMUM LIKELIHOOD ESTIMATION

_[ }
(L =p) | ,p,

B 1

~0.05(1 — 0.05)

400

T 19

We now have all of the pieces that we need. Plugging these into the score statistic formula:

p o1 (,-[400] _20n)\ 19 [ _[400] 20n
ST\ 19 19 ) 200 \"Y | 19 19

— X1

9.6.4 Partd

We first need to set up our g. As I noted last week, the easiest way to do this is linearly:

gp)=p»—po
=p—0.05
=0

Next we need to take the derivative of g(p) with respect to p:

Taking 75,1 we estimated above, simply replace p with p and we have the information matrix we
need. Plugging everything into the Wald statistic formula:
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T = n(p = 0.05)(1-p(1 = p) - 1)~} (p — 0.05)

_ n(p — 0.05)2
p(1—p)

d 2

— X1

Notice that because p = Z,, and because g(p) is linear, our Wald statistic is simply the square of
our t-statistic.

9.7 Graphing MLE

%% Plotting the Likelihood
GO 115 1 T ST O S =3 A 9| R

% Likelihood Function

L = @(theta) prod((theta.*exp(-theta.*x)));
thetal=0.01:0.01:3.5;

Lf = L(thetal);

% Log-likelihood function

InL = @(theta) log(prod((theta.xexp(—theta.*x))));
logf = lnL(thetal);

[~,index] = max(logf);

thetahat = thetal(index);

% Plot likelihood and log-likelihood

c=c+1;

figure(c)

yyaxis left

plot(thetal,Lf, 'LineWidth', 2)

xline(thetahat, 'LinewWidth', 2, 'Color', "#EDB120")
xlabel('Values for $\theta$"')

ylabel('Likelihood"')

title('Plotting MLE')

hold on

yyaxis right

plot(thetal, logf, 'LineWidth', 2)
ylabel("Log-Likelihood")

hold off

The figure above gives an example of how to graph the likelihood and log-likelihood functions on the
same plot. If you have any questions, feel free to email me.
The figure below gives an example of how to use Matlab’s built-in numerical solver. The problem

set asks you to use the Newton-Raphson algorithm, but you can use this code to check your work.
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%% Numerically find the minimum

% Likelihood
initguess = 1; % Initial value
L1 = @(theta) -prod((theta.xexp(-theta.*x))); % Multiply likelihood by neg
estimate = fminsearch(L1,initguess); % Estimate using fminsearch|
fprintf("\nThe MLE using the likelihood " + ...

"function is %f\n", estimate);

% Log—likelihood

initguess = 1; %

1nLl = @(theta) -log(prod((theta.*exp(—theta.*x)))); % Multiply log like[lihood by negative 1
%

Initial value
estimate = fminsearch(1lnL1, initguess); Estimate using fminsearch
fprintf("\nThe MLE using the log-likelihood " + ...

"function is %f\n", estimate);




Chapter 10

Generalized Least Squares

10.1 GLS Theory

10.1.1 Purpose

Throughout this theory section, keep the classic regression equation in mind:
y=af+e¢

Under OLS, we made three main assumptions:

1. z is full rank
2. Elelz] =0

3. Var(e|lz) = 0?1

The last assumption is called homoskedasticity - the variance of the errors does not depend on the

value of our right-hand side variables. Under GLS, we relax the assumption of homoskedasticity:

Var(ei|z;) = o?

This type of variance is called heteroskedasticity. One way to correct for heteroskedasticity is to do

GLS.

87
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10.1.2 Derivation

Suppose the variance of the error term takes the following form:

Var(e|z) = 0?Q

Because this is a variance-covariance matrix, it must be positive definite. As such, it has an inverse,

and that inverse has a Cholesky decomposition:
v-i=pPPp
Where P is an upper triangular matrix with real and positive diagonal entries.

Our goal in GLS is to “fix” the heteroskedasticity problem by reshaping the error’s variance to be

homoskedastic. How? Premultiply the € by P and take the variance:

Var(Pe) = PVar(e)P’
= Po?QP’
=o?P(P'P)"'P'
=o’PP'P/(P)!

= 2]

Therefore, under the transformation (premultiplication by P), the system has homoskedastic errors.

Apply this transformation to the regression equation:

y=xzB+e¢
Py = Pxf + Pe

Now solve for g:

' P'Py =2/ P'Pxf3 + 2/ P' Pe
(z' P'Px) (2’ P'Py) = B + (2’ P'Py) ' (2’ P' Pe)
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(zlplpx)—l(xlplpy) _ BGLS’
(x'Q_lx)% (m’Q_ly) _ BGLS

10.1.3 Bias and Variance

To find the bias, we take the expected value of the estimator:

E [BGLS‘ x] ) [(x/Qflx)fl(x/Qfl(xB+s))| x]
— B+ (@0 "2)" (Y E [¢] )
=p

So GLS is unbiased under the assumption of strong exogeneity. For the variance, relabel the GLS

estimator as:
BGLS — (x’Q_lx)_l (Z‘/Q_ly)
= (2/ P'Px)" (2’ P' Py)
* x1—1 * *
=[(@") 2] [(=")'y"]
We know that under homoskedasticy, the variance of the estimator is:
Var (BOLS‘ JL‘) =o?(z'z)™!
Applying this same logic to our transformed system gives the GLS variance:
Var (BGLS‘ x) =02 [(Jc*)’ac*]_l
=0’ (/Q 'z)
We have shown that the GLS estimator is unbiased. We can also note that the transformed model

is a linear OLS model, so it must also have the least variance among unbiased estimators. Therefore,
GLS is BLUE.

10.1.4 Feasible GLS

One problem with GLS is that we don’t actually observe o2€). As such, we need to estimate them.

How do we do this? In two steps using weighted least squares.

First, run OLS on the model. Then get the error terms. Then estimate 62 as follows:

We can then develop some function of these variances to form our weights (like &; = 62(z;)). We will
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then compose our estimated €2 as:

I 0 0
Q=19 0
0 0 x,

Second, calculate the GLS estimator:

n -1
B = (711 in(@i)_lﬂfi> (n
i=1 ;

Once we have the GLS estimator, we can iterate through these two steps (using the GLS estimator is

—_
&8
—~
&>
—
&
N———

step two to update 62.

10.1.5 Consistency

Starting from the FGLS estimator:

BELS = (711 in(@z)1$z> (711 in(wz)1%>

i:;. § » 2:1 §
=B+ ( Zwé(wz)—lxi> (n (&) 1ez> ()
i=1 =1
Ly B+ E [ah(w) ] T E [ (wi) " tel]
=5

This proof holds as long as @, is consistent for w;.

10.1.6 Asymptotic Normality

Starting from (x):
1 AR
- o o
p= <nzxi(wi) xz) <n;l’;(wi) €¢>

B8+
‘/E(B*@ = (; _ x%(@h‘)lwi>_ <\}ﬁzn:w§(wi)lei>

Brushing some technicalities on the estimation of the weights aside, we can send this to infinity:

N (B - ﬁ) AN (0,(2'Q '2) 12/ Q e () 2(2’Q 7 ) )



10.2. HETEROSKEDASTICITY 91
10.2 Heteroskedasticity

10.2.1 White’s Standard Errors

We can correct for heteroskedasticity in OLS as well. Consider the OLS estimator:

B = (a'z) " (a'y)
=B+ (@'z)”

Hx
-0-(15) (15
)"

'e)

/

(2'x) o' cen(a'z)7Y)

Because of heteroskedasticity, we cannot simplify e’ to 021 as before. The simplification we usually

make to o?(2'z) !

cannot occur. The standard errors that result from this unsimplified variance are
called White’s standard errors.

To estimate the asymptotic variance:

n
AVAR = ('2)" | — cieal | (a'z) !
VAR = (a'x) (n_ k§_xx> (a'x)

10.2.2 White’s Heteroskedasticity Test

Without going too much into the theory, White’s test for heteroskedasticity is calculated by finding
the R? value of a regression of the squared OLS residuals, €2, on = and the cross-products of every

variable in x. Then, using the Lagrange Multiplier test:
LM = nR?

For example, suppose = = [1 age age?]. Then the steps are:

1. Runy=xz8+e¢.

2. Find é.

3. Build z* = [z age® age?].

4. Run 2 = z*f + &*.

5. Calculate the R? from this second regression.

6. Calculate LM = nR?.

7. Compare to the asymptotic critical value from X%_l, where k is the number of regressors in the

second regression.
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10.2.3 Breusch-Pagan Test

The first few steps are similar to White’s test. First, run the OLS model. Then obtain the estimated
residuals. In the Breusch-Pagan test, we then regress the square of the estimated residuals on x again.
Lastly, calculate the Lagrange Multiplier statistic.

Let’s use the example from above again. Suppose z = [1 age age?]. Then:
1. Runy=z2f+e.

2. Find é.

3. Run &2 = 28 + ¢*.

4. Calculate LM = 1(TSS — SSR), using values from the second regression.

5. Compare the LM statistic to the critical value from x7_,, where k is the number of regressors

in the second equation.

10.3 Example

Consider the following population model: y; ~ N (27z;,100) + €;, where z; r Unif(0,1) and &;|a; g
N(0,z2).

(a) Simulate 10,000 samples with 10,000 observations each. For each sample, take the first 500,
1000, and 10,000 observations. Store the slope coefficients from OLS.

(b) Take the mean and variance of each slope coefficient.

(¢) Now conduct FGLS by assigning w; = x;. Repeat parts (a) and (b).

mean ols by sample size
6.5085 6.3541 6.3442

variance ols by sample size
244.7322 121.4102 12.2218

mean gls by sample size
2.9177 6.0302 6.1091

variance gls by sample size
1.0e+05 *

2.2510 2.6458 4.5025
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We can see from the figure above that OLS converges to an estimate around 27 quickly. This result
makes sense, as if you take the probability limit of the OLS estimator, you will get 27 analytically.

FGLS, though, takes much longer to converge to 2. Why might this be? Unlike GLS, we cannot
guarantee that FGLS will be unbiased. As such, it may take a much larger sample size for FGLS to

converge to zero. In this exercise, the variance of the FGLS estimator is also much larger.
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Chapter 11

Generalized Method of Moments

11.1 Previous Problem: PS 7, Question 2

Consider the following joint probability function of (z, y):

f(z,y18) = e e

(a) Write the log-likelihood function for 5.
(b) Using “DataHw7.2.xlsx”, obtain the MLE for 3 using the Newton-Raphson algorithm.

(¢) Consider joint probability function:

_6 If(z;”yple—ﬁiw

I (=, y(B,p)

Use MLE to find 8 and p.

(d) Test Hy : p =1 using an asymptotic t-test, the log-likelihood ratio test, the Wald test, and the

score test.

11.1.1 Part a

To obtain the log-likelihood function, multiply the joint pdf together n times:

1 g
L(B) =1L e Bt
(/8) 1=1 6 4 x;

Then take the natural log:

LB =3 (-5 - 52



96 CHAPTER 11. GENERALIZED METHOD OF MOMENTS

11.1.2 Partb

To solve this in Matlab, we need to define the log-likelihood. I do so as a function handle:

%% Define the two log-likelihood functions

loga = @(beta) sum(-log(beta + x) - y./(beta+x));

I then pass the log-likelihood to the Newton-Raphson algorithm:

%% Find beta for Part a

[betaa, stda, vara] = nr(loga, n, k, b0);

where the variance is calculated using the negative expected Hessian. The algorithm returns:

The estimate for 5 is 15.60 with a standard error of 6.79. For convenience, define:
. ’
=[5 1]

11.1.3 Part c
To obtain the log-likelihood, multiply the joint pdf together n times:

(B+a)"*
L'(p)

L(Bap) = H?:l yp_le_ﬁy?

Then take the natural log:

;( pln(B + ;) ln(F(P))+(p—1)ln(yi)_%>

In Matlab, I once again define the log-likelihood function:
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logc = @(theta) sum(-theta(2).xlog(theta(1)+x) - log(gamma(ftheta(2))) + ...

(theta(2)-1)*log(y) - y./(theta(1)+x));

/
where § = [,6’ p} in the figure.
I call the Newton-Raphson algorithm to solve the MLE problem again:

%% Find beta for Part c

bo = [1;1];
2;
[thetac, stdc, varc] = nr(logc, n, k, bO);

-4.718504 2.344866 -2.012270 0.059402
3.150896 0.794248 3.967145 0.000904

By not restricting p to 1, I find that 3 is now -4.72 with a standard error 2.34. I also find that
p = 3.15 with a standard error of 0.79. Going forward, let:

b= 5.
11.1.4 Part d

Here, I test the hypothesis that p = 1 in four ways.

t-Test

The asymptotic t-test looks as follows:

In my case, this looks like:
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The critical value from the asymptotic t-test is 1.96. So I reject the null.

Likelihood-Ratio Test

The likelihood-ratio test looks as follows:

LR ==2[t, (8,) — tu (6ur)]

In my case, this looks like:

LR =26, (Ba) — t (6.)]

Using Matlab and plugging the estimates for Ba and 6, from above into the log-likelihoods gives:

LR = —2[—88.44 + 82.92]
~ 11.04

The critical value for the likelihood ratio statistic is 3.84, as we have one degree of freedom. I reject
the null.
Wald Test

The Wald test looks as follows:

W= (1 () ~0) (+(3) T (00) " (5)) (R (00r) )

Because I assume the model is correctly specified and regular, the inverse of the information matrix is
the asymptotic variance of my unrestricted estimator. In my case, the Wald statistic therefore looks
like:

W=(p—1) ([0 1] Var (9) [0 1D_1 (5—1)
= (3.15 - 1)(0.63)"(3.15 — 1)

~ 7.33

The critical value for the Wald statistic is the same as the critical value for the likelihood-ratio statistic,
as they both have the same asymptotic distributions. I reject the null.

Score Test

The score test looks as follows:

o (2 (0) /I(gr)l ot (6:)

00 00
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Note that the information matrix is evaluated at the restricted estimates. To do this, I must first

calculate the information matrix assuming no restrictions. Then I can plug in the restricted estimates.

In Matlab, I evaluate the Hessian using the log-likelihood function from part ¢ and then plug in 0,.

12402 —252] [ o
S:[o 7.91]
—252 008 | |7.01

~ 5.12

This gives a score statistic of:

Once again, the critical value is the same as the one for the likelihood-ratio statistic. I reject the null

hypothesis.
%% Asymptotic Tests
% T-test
% Use the standard errors from the unrestricted model
tstat = (thetac(2) - 1)/sqrt(varc(2,2));
fprintf("\nThe t-stat is %f\n", tstat)
% Likelihood ratio
% Calculate the two likelihood ratios:

lrstat = —-2%(loga(betaa) - logc(thetac));
fprintf("\nThe LR-stat is %f\n", lrstat)

% Wald Statistid

R=[0 1]; % Choose rho from the beta vector
q=1;

W=(Rxthetac - q) "xinv(Rxvarc*R')*x(Rxthetac—q);
fprintf("\nThe Wald-stat is %f\n", W)

% Score test

scorestat = gradf(logc,thetaa)*inv(-Hessi(logc,thetaa))...
*gradf(logc, thetaa)';

fprintf("\nThe score stat is %f\n", scorestat)

The above figure displays the code I used to generate the asymptotic test statistics.

11.2 Generalized Method of Moments Theory

Suppose we have a vector of moment conditions with length L that must be satisfied in our system

(whichever system that may be). We write these moments in such a way that:

E[m(p)] =0
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Our goal is to find a vector of size K, 3, that satisfies all the moment conditions that we have.

Identification

B is identified if 3!3 : E[¢(5)] = 0. That is, we can find a solution to the moment conditions if there
exists a unique (3 such that the conditions are satisfied. The system of moment equations has three

levels of identification:
(1) Under-identification: L < K, meaning we have more unknowns than equations.
(2) Just-identified: L = K, meaning we have just enough information to find .
(3) Over-identified: L > K, meaning we have more than enough information to find £.

If L = K, then we can use the regular method of moments estimation technique. Consider two

examples. First, suppose S = u,, the sample mean of scalar y. Then our moment condition is:

Secondly, consider OLS:

Solving this moment conditions will give us our OLS estimates for 8 and o2.
The crucial assumption behind instrumental variables also fits into the moment conditions frame-

work, where the moment is:
m(B) = E[z'u] =0

But what happens when L > K, or when the moment condition in the just-identified case is impossible

to solve analytically? Take 2SLS. Our moment condition here is the same as under IV:

m(B) = E[z'u] =0

%Zzi(yi —zi3) =0

i=1

(Z/y)Lxl = (Z/x)LxKBle

Now, instead of exactly identified, we are over-identified. The matrix dimensions will not work for us
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to identify 8. How would we estimate this? By minimizing the sum of squares:

B = argmin(2’(y — b))’ (y — xb)
b
Here is where GMM comes in - we can improve the precision of this estimator by weighting observations:

BEMM — aramin(z'(y — xb))' W2/ (y — xb)
b

Minimizing the Criterion Function

The criterion function, in general, looks like:

q(B) = nm(B) Wm(B)

where W is a positive definite, symmetric, weighting matrix.

As an example, consider the 2SLS case again:
m(fB) = z'(y — =) q(B) = n(2'(y — x8))W(Z'(y — =p)
Taking the FOC of ¢(f8):

&39(5) = 2nx' W2 (y - mﬁ) =0

' 2W2 (y - :E,B) =0
2 W2y = ' 2W2 zf
(' 2W2'z) L (22 W2'y) = BEMM
What should W be? In this case, choose W = (2'2)~!. Then:
BGMM _ (

222 2) T )T 2 2 (F ) T Y )

= (x/sz)_l(J:/sz)
_ j2sLs

In the just-identified case where K = L:

BEMM _

(2'2)71(#'2)(2'2) T (22)(2"2) 7 (2'y)
(#'2)7H(2'y)
— B
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GMM Properties

Usually T would include two sections on proving consistency and asymptotic normality. In this case,
however, I am already at 9 pages and you will cover this again in Marinho’s class. As such, I will

simply cite a theorem:

Theorem 6 (Chamberlain (1987)). GMM is asymptotically efficient among all \/n-copnsistent esti-

mators if all we know is Elm(B)] = 0.

where /n-consistent estimator are estimators, 6 such that:
1 n
\/ﬁ(e—e) - ﬁZf(data)—i-R
i=1

where R converges to zero in probability.
This theorem tells us that GMM estimators are consistent and efficient. By appealing to the central
limit theorem, seeing that GMM estimators are asymptotically normal should not be too much of a

leap.



Chapter 12

Time Series

12.1 ARMA(1,1)

Consider the ARMA(1,1) model:

Yt =d+¢yt_1 +5t+05t—1 Et NWN(O,CT2)

12.1.1 Part a

Derive the unconditional mean.

Take the expectation:

Ely] = Ely: = d + ¢yi—1 + &1 + Og4_1]
p=d+ PE[y;—1] + Ele¢] + 0E[e;—1]
=d+op

This gives us:

12.1.2 Part b

Derive the unconditional variance.

103
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Sub-in for d to demean the process:

Yo = p+ O(Ye—1 — p) + e+ 01
Yo — = O(Ys—1 — p) + &+ 01
(ye — 1) = (B(ye—1 — p) + ¢ + O¢—1)°
El(y: — 1)%] = E[(@(ye—1 — p) + ¢ + 024-1)°]
Yo = ¢*0 + Elef] + 0°Ele]_,] + 200E[e]_,]
1467+ 240

Yo = 1— g2
12.1.3 Part c

Derive the first and second-order autocovariances.

(e = ) (Y1 — 1) = (d(Ye—1 — p) + ¢ + Oe-1) (Ye—1 — )
E[(y: — 1) (ye-1 — )] = PE[(Yr—1 — 1)) + OB[e—1 (y:—1 — p)]
71 = 0 + OE[er—1(P(ye—2 — i) + 11 + O3]
= ¢0 + 00

We know ~q, so we have a closed-form solution for ;. Now for ~s:

(Y — 1) (Y2 — 1) = (¢(Yr—1 — p) + &1 + Oe4—1)(yr—2 — 1)
El(ys — ) (ye—2 — p)] = OE[(ye—1 — 1) (ye—2 — )] + OE[es—1(ye—2 — 1)]
Y2 =9

We know 71, so we have solved for ~s.

12.1.4 Partd

Given the information set Fy, find the forecasts for the conditional expectations of y.y, for i €
{1,2,3,4}.

E¢lyer1] = Eeld + ¢ye + €441 + O24]
=d + d)yt + Gat
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Et[yi+2] = Ei[d + ¢yr41 + €42 + Oerta]
= d + ¢Et[ys+1]
=d+ ¢(d + dy; + 0e4)
= (L+¢)d + ¢y + dbey

Et[ye+s] = Ee[d + dyri2 + €143 + Oc142]
= d + ¢E¢[yt+2]
=d+ o((1+ d)d + ¢*y, + pbey)
=1+ ¢+ 0%)d + ¢y + 0*0e

Et[yt+4] = Ei[d + ¢yi43 + €44 + i1
= d + PE¢[ys+3]
=d+¢((1+ ¢+ ¢*)d + ¢°ye + ¢°0c¢)
=L+ ¢+ ¢* +6°)d + ¢"y, + ¢°0z,

12.1.5 Part e

Derive the forecast Ei[y;4n] and its limit as h — oo.

We can see from Part d that the forecast at horizon h is:

Eyyern] = (1+ ¢+ ¢ + ...+ " Hd + o™y, + 9" 10e,

Take the limit:

lim Eolyesn] = lim (14 ¢ +¢° + ...+ 0" )d + ¢y, + 0" e,
h—o0 h—o0

__d

-1

=u

12.1.6 Partf
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Calculate the variance of the forecast for the next two time periods. Is the variance increasing or

decreasing as the horizon grows larger?
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Vary(yir1) = Var(d + ¢y + 111 + Oey)
= Var(€t+1)

:0‘2

Vary(yer2) = Var(d + ¢yer1 + ey2 + i)
=Var(d+ ¢[d+ ¢yt + €141 + 0et] + €142 + O2411)
= Var([¢ + Oler+1 + €142)
= [0+ 0P0% +0”

The variance grows larger as the horizon increases.

12.2 AR(2) Process

An AR(2) process relates a random variable located in time period ¢ to two lags of that random
variable. We usually write this as: y; = d + ¢1ys_1 + ¢2ys_2 + & where &, ~ WN(0,02). Recall that

white noise implies that ¢; has no autocorrelation but does not imply that ¢; is not independent from

its past.
(a) Find Ely]
(b) Find Var(y;)
(¢) Find 7o, 71, and 7
(d) Find the impulse responses for a shock ¢; for k € 0,1,2,3,4

(e) Find E[y;+3]t]

12.2.1 Solution: Part a

We just take the expectation of the AR(2) equation:

Ely) = Eld + ¢1y4—1 + d2yi—2 + €4
py = d+ M1E[ye—1] + p2Eys—2] + 0
Hy = d+ (¢1 + ¢2).uy

py(l — 1 —¢2) =d
B d
uy71—¢1—¢2
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12.2.2 Solution: Part b

Similarly, we take the variance of the AR(2) equation:

Var(y) = Var(d+ ¢1ye—1 + ¢2yr—2 + €¢)
Yo = $2Var(yi—1) + ¢3Var(yi—a) + 26162Cov(yi—1, ys—2) + 0

Yo = (7 + ¢3)70 + 2¢16271 + 07

12.2.3 Solution: Part c

In class, Drew proved that the autocorrelation function for an AR(2) is given by: p; = ¢1pj_1+P2pj_2.

Using this equation we can find what we need. First, let’s find ~;:

Y1 = ¢170 + P21 Recall that yv_; =
7 = 17 + P2
o 170
1=
1— ¢

Plugging this into the equation we found for ~q in part a:

Yo = (67 + 63)70 + 2¢1¢21¢f7,$2 +0?
(1= 6t = 3~ 201027 2) = 02

0.2

Yo =
1— % — 03 — 2616272

Plug this into the expression for ~y;:

Ny = ?17%
1=
1—¢2

__h o?
T | 1= 62— 63— 2010015

Lastly, use the ACF to find ~s:

Y2 = ¢171 + P270

_ ¢ o? + ¢a0”
BT 10— 0] 200015, | L 0 03— 2610012,
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What if we did not have the ACF provided? We could always calculate -y, 71, and ~2 by brute
force. First, we rewrite the AR(2):

Yo =d+ Q1Yr—1 + P2Yr—2 + €t
Yt = py(1 — ¢1 — d2) + P1yse—1 + P2ys—2 + &4
(ye — My) = ¢1(ye-1 — My) + do(ys—2 — ,uy) + &t

If we wanted to calculate the unconditional variance g, for example, then:

(e — 11y)* = (61 (1 — 1) + P2(Wr—2 — 1) + &) (e — p1y)
E[(y: — My)2] =E[(¢1(ye—1 — py) + d2(Yi—2 — p1y) +€0) (ye — 1y)]
="

What if we wanted to calculate 17

(Yt — 11y) (Ye—1 — t1y) = [P1(ye—1 — y) + P2(Ye—2 — p1y) + &¢) (Ye—1 — 1)
E[(y: — piy)(Ye—1 — piy)] = E[(D1(ye—1 — py) + d2(ye—2 — py) + 1) (Ye—1 — py)]
=7

Similarly for ~s:

(Yt — 11y) (Ye—2 — t1y) = [D1(ye—1 — y) + P2(Ye—2 — p1y) + &¢) (Ye—1 — py)
El(ye — py) (Ye—2 — 1)l = E[(D1(ye—1 — py) + 2(ye—2 — py) +€¢) (Y2 — py)]
=72

12.2.4 Solution: Part d

Impulses are defined as ‘{jgtTt’“. Let’s find this for k = 0 first:

Y =d+ Q1yi—1 + P2lp—2 + &4
e

8575

Now for k = 1:
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Yer1 = A+ Oy + P2Yr—1 + €441
Yip1 = d+ O1(d + Prye—1 + Payr—2 + €1) + 2yp—1 + €141

0
-
For k = 2:
Ytz = d+ P1y1 + P2y + Evg2
82522 =¢1 - aistyﬁrl + @2+ %yt
= ¢1 + oo
And for k = 3:

Yir3 = d + ¢1Ysy2 + P2Ys 1 + €443

Oyirs 0 0
88,5 a (bl 6&5 Ytz * ¢2 6€t Yit1
= ¢3 + 2012

Finally for k = 4:

Yira = d+ 019143 + P2Ys 2 + €144
0Yt1a

o} 0
D, o1 - @ng + @2 - 87516%4-2

= 61 + 30702 + 03

As you can see, calculating impulse responses for an AR(2) by hand is much more labor-intensive
than calculating them for an AR(1).

12.2.5 Solution: Part e

This is similar to calculating the unconditional moment. Now, though, we know all the variables up

to time t. So:
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Elyeyslt] = E[d + ¢ryer2 + daye+1 + ry3t]
=d+ ¢1E[yei2[t] + G2E[yi41[t] + 0
=d+ O1E[d + dryir1 + Poy + r42(t] + G2E[d + drys + doyi—1 + er41t]
=d+ ¢1(d + d2yr + P1E[d + 1yt + d2yi—1 + er41[t]) + d2(d + 1yt + d2yi—1)
= d+ ¢1d+ d1daye + Gid + BTy + Pldavi—1 + Paye—1 + dad + G21ye + Paye—1
= d(1+ ¢1 + &7 + ¢2) + ye (67 + 20102) + yi1($Td2 + ¢3)

Notice how we treated any variable dated at time ¢ or before as if they were constants. That’s the

key to solving conditional expectations or variances with respect to time.

12.3 Deriving the MA(o0) Form for an AR(1)

Drew went over this in class, but this is an important wrench to have in your toolbox. The MA(c0)
form splits your autoregressive process into the stationary mean and sum of impulse shocks. We start
with a basic AR(1):

Yo = d+ Qyi—1 + & Recursively sub-in:
=d+ ¢(d+ dyr—2 +e1-1) + &

d(14 @) + ¢*yr—2 + der1 + &
d(1+ @) + ¢*(d + dye—s +r—2) + der—1 + &1

=d(1+¢+¢°) + S’ys+ P12+ P11+
d(
d(

L4+ ¢+ ¢?) + ¢*(d + ¢ys—a +e1-3) + PPe1—2 + Per_1 + &
L+ ¢+ ¢+ ¢°) + ¢ yi—a + ¢Pers + dPer_o + der—1 + &4

We see a pattern emerging here. Using induction, we can write this process as:
o0 o0
=dY ¢ +) ey
i=1 j=0

Using the fact that > -, ar® = =2 and making the assumption that ¢ < 1, this becomes:

1—r?

d =
=15t Ve

=0
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We can simplify further. Solving for the mean of an AR(1) process:

Ely:] = E[d + ¢yi—1 + &4]
ty =d+ ¢E[y—1] +0

Py = d+ Py
_d

Therefore, the MA (0o) form becomes:

ye =ty + Y der

=0

Where i, is the unconditional mean of Y and the sum contains the impulse shocks of ¢.
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Chapter 13

Final Review

13.1 Asymptotic Properties of Non-Linear Least Squares
The general formula for a regression equation is:
yi = h(zi, B) +ei

where h(z;, 8) is some function of our right-hand side variables. To find the least squares £:

=1
98(B) -~ oh
o5 -2 ;(yz h(zi, 5))86

We then set this equation equal to zero and solve, usually using a numerical solver like the Newton-

Raphson algorithm.

Consistency

Denote BN 1, as the non-linear least squares estimator. Then by definition:

95 (Bwr)

0B =0

Assume that there is exactly one 8 that satisfies this condition (that is, that g is identified). Then

we know that BN 1, 1s consistent if:

9S (B
plim% 7( ) = pliml 95 (Bo)

] n 0B

113
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where By denotes the true 8. Now, recall the continuous mapping theorem:

Theorem 7 (Continuous Mapping Theorem). Let x,, be a sequence of real-valued random vectors and

let h: R¥ — R™. Define the set of discontinuous points as:
Dy ={xz € X : h(:) is discontinuous at x}
Now, if P(x € Dp,) =0 and:
(i) if xp L5 2, then h(zy) N h(x)
(ii) if xp N x, then h(x,) N h(zx)
(ii3) if n =25z, then h(x,) <25 h(x)

The converse of this theorem holds true when h(-) is an injective (one-to-one) function. Stated another

way: [Converse| Let h(-) be a continuous, injective function such that h(z;) N h(z). Then:

P
T, — T

How do we plan on applying this converse? z, in our scenario is Bnr. We want to show that

BN L N . We also have a continuous, one-to-one function in %ﬂ“). We already know that:
05 (Bxi)
ap N

If we take the probability limit:

108 (BNL) .

——

n ap
Now we need to show that %go) = 0 too. We begin with the sample mean of the derivative:

108(p 1 « Oh(x;, B
na(ﬁO) = *Z(yi—h( i’ﬁ))(ﬁﬁ)

Therefore:

105 (i) 1 as(a)
n 0B P a8
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By the converse of the continuous mapping theorem then:
B 2 Bo

We have proven that the non-linear least squares estimator is consistent.

Asymptotic Normality

Start with the first order condition:

oS <5NL) B _22 o5 3h(gg B)

Denote the right-hand side as g (B) Doing a first-order Taylor approximation around the true [

delivers:
g <BNL) =g9B)+H (BNL) (Bnz —B)  for Bnr € (BNLaﬁ) (13.1)

Looking just at the Hessian (in red):

H (B = M

R
., ; oh (x;BBNL) Oh (xz,ﬁNL) ) Qi oo a(;;, §NL)
L () 2 | 2] <”;’;“)
=20
Going back to equation (1) and dividing by y/7:
S0 (e = J=0(9)+ 11 () v (i~ 9) (13.2)

—_——
=0

Now let’s look at the gradient (in blue):



116 CHAPTER 13. FINAL REVIEW

d Oh(z;, B) Oh(z, B)"
Oh(z;, B)’ , o Oh(zi, B)’
—o5 E [g;e;|x] T })
(0, 46°Qo)

=N |0, 4E, |:
N
Rearranging equation (2) gives:
. 1 . -1 1
Vi (Bwe = 8) = ——H (Bxe)  —=9(8)

Jn
4, %Qo_lN (0, 402Qq)

N (0, azQal)

This completes the asymptotic normality proof.

13.2 Cochrane-Orcutt Procedure

The Cochrane-Orcutt procedure is a way to estimate AR(1) processes. In class, you generally dealt
with an AR(1) of the following form:

Yt = Po + Prae + & (13.3)
€t = PEr—1 + Uy (13.4)

Lag the regression equation:
Yi—1 = Po+ P1xi—1 + €11
Now multiply by p:
pYt—1 = pBo + pbrai—1 + per—1 (13.5)

Subtract equations (5) from equation (3) to get:

Yt — pYe—1 = Bo(1 — p) + Bi(xs — pre—1) + €t — pes—1
Yt — pYi—1 = Bo(1 — p) + Bi(xs — pre—1) + us
Yr = Bo + Pray +w (13.6)

Recall that u; is white noise, so it satisfies all of the classical regression assumptions. We can use OLS.
In reality, we do not know p. So we must estimate p by running OLS on equation (4). Then we

can start the Cochrane-Orcutt iteration step:
1. Estimate equation (6) via OLS to obtain 3 and OLS residuals &.

2. Estimate new p.



13.2. COCHRANE-ORCUTT PROCEDURE 117
3. Transform original data into y; and zj.
4. Re-estimate B

5. Repeat until Bl converges to Bl

13.2.1 Prais-Winsten

Recall that the variance of the error term is (for a 3 x 3 for simplicity):

Var(e) = 0%Q

L op p
=a.|lp 1 p
P op 1

Because 2 is a postive definite matrix (by definition of the variance-covariance matrix), it has an

inverse and Cholesky decomposition:
Q'l=prpr

where The triangular matrix P takes the following form:

Now, premultiply y by P:

[V1—=p2 0 0| [n
Py = —p L 0] [y2
. O -p 1] |ys
L—py
Yy =1 vy
L Y3 — PY2

Then premultiply « by P:

V1—=p2 0 0] [z
Pz = —p T2
| O —p 1] [z3
/T P
¥ = | xo — px1
L3 — pI2
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Then run OLS on:
y* _ llJ*IB + c*

13.3 Reverse Regression

We now have in mind the classic regression equation:
yi=oa+pr; ¢
Reverse regression is a way to solve measurement error in the right-hand side variable. Suppose z; can
be written as:
*
T, =x; +u;
Then we can rewrite the standard regression equation as:

yi=a+ Bz —u) +&
=a+fr;+e — Pu

We can see that the classical regression assumptions do not necessarily hold here:

Cov(wy,e; — Pu;) = Cov(w] + us,e; — Buy)
£0

Instead, we can run a reverse regression:

Ti =Y + 7Y + 6

0; satisfies all the classical regression assumptions, so 77 will be unbiased and consistent. 4; gives us
an upper bound on the value of 31- Why? Recall the Cauchy-Schwartz Inequality:

n 2 n n
i—1 =1 i=1

Notice that:



13.3. REVERSE REGRESSION

Multiply 4 and j:

2
(Z?:l Tiy;)
Z?:l xf Z?:l %2

5y =
Using the Cauchy-Schwartz inequality:

(i 2 i v7)

b

<

2>

(E?:l x3 E?:l ;)

| =

A<=

=

So if /3’ is positive, 4 gives us an upper bound on /3’
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